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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS
TECHNICAL NOTE 3514

RESPONSE OF HOMOGENEOUS AND TWO-MATERIAL LAMINATED CYLINDERS TO
SINUSOIDAL ENVIRONMENTAL TEMPERATURE CHANGE, WITH APPLICATIONS
TO HOT-WIRE ANEMOMETRY AND THERMOCOUPLE PYROMETRY

By Herman H. Lowell and Norman Patton

SUMMARY

In current aeronautical research, rapidly responding thermocouples
and hot-wire anemometers are required. A laminated cylinder consisting
of sn oxide core and thin metallic coasting is known to provide a larger
output signal than a conventional metallic wire at high rates of change
of environmental conditions when all other varisbles of the physical
situation are fixed. A generalized attack on the problem of the responses
of homogeneous and two-materisl laminsted cylinders to sinusoidal environ-
mental temperature changes has accordingly been made. The results are ap-
plicable to situations in which small heat-transfer coefficient changes
occur in the absence or presence of environmental temperature changes.

The response of homogeneous and -two-material laminated cylinders are
given quantitatively in a series of tables and graphs and are discussed
qualitatively in detail. In the case of the leminated cylinder, results
are given for all combinations of the indicated numeral values of the
following parameters: ratio of shell thermal conductivity to core thermal
conductivity (5, 10, 20, 40, and 80); ratio of core radius to over-all
radius (0.75 and 0.90); and nondimensional heat-transfer coefficient,
designated the Jakob number (a number of different values forming a geo-
metrical progression covering a large range of physically possible opera-
ting conditions). '

A parsmeter designated the "internal"” time constant is introduced
which uniquely characterizes the internal distribution of temperature
within a homogeneous cylinder and thus facilitates meaningful presenta-
tion of both generalized and specific results for particular physical
gituations. Two parameters suffice to characterize the internal dis-
tribution of temperature within a two-material laminated cylinder. For
a cylinder having n layers, n such parameters are required.
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The responses of 0.0004-, 0.002-, and 0.010-inch-diameter homogene-
ous and laminated wires of platinum and/br fused quartz exposed to a
representative air stream are considered in detail. Such laminsted wires
can achieve signal gains (relative to outputs of conventional wires) suf-
ficient to increase the frequency limit of usable response by an order of
magnitude greater than that associated with conventional wires. Realiza-
tion of such gains, which are not manifested until the relative response
of the laminated structure drops below 0.0l, would require fabrication of
structures such that the ratlio of shell thickness to over-all radius is
at most 0.1 but is preferably no greater than 0.05.

The theoretical material presented includes simplified, gpproximate
treatments of the two-material structure which are not exact but which
should yield results accurste enough for design use. In particular, they
eneble computation of the response characteristics correct to at least
three figures over overlapping frequency ranges which, collectively, cover
all of the meaningful frequency spectrum.

INTRODUCTION

In connection with investigations of the behavior of turbomachines
or of proposed improved components, it is often necessary to obtaln a
detalled picture of the Instantaneous thermal and mass-flow-rate struc-
tures of the ailr flows occurring throughout interblade channels, between
stator and rotor cascades, within blade (or shroud) boundary leyers,
behind trailing edges, or within engine ducts. Fast thermocouples and
hot-wire anemometers are often used in such research, but their faith-
fulness of response is inadequate for many purposes.

The response of such instruments may be improved (within obvious
mechanical limitations) by reducing the element cross section and, to a
lesser extent, by properly shaping the element so as to expose a maximm
of surface to the stream. In many situations involving locally irregular
flows, however, circularly cylindricel (or spherical) elements are the

only stream-inserted instrument bodies that are acceptable aerodynamically.

The technlques of electrical compensation for thermal lags have been
extensively discussed in the literature (e.g., refs. 1, 2, and 3). In
general, these techniques require amplifying systeme with the rising gain
characteristics of "constant-current" systems or the so-celled "constant-

temperature" feedback systems having amplifiers with essentially flat
frequency responses.

Irrespective of the successes of such techniques, as upper limits
of required useful-response frequency bands are raised, it is clear that
meximizetion of both absolute and relative voltages delivered to such
compensation devices is desirsble so as to maintain high inherent signal-

to-noise ratios.

2922
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Conventlonal cylindrical elements, Wwhich have high strength when
effective length-to-diameter ratios are kept within reasonable bounds,
are comparatively simple to faebricate. Thelr performance, however, is
affected adversely by several obvious circumstances, namely:

(1) The entire cross section of the element is electrically "active".
The effective total heat capacity is, moreover, that of the entire
element.

(2) Any change in environmental conditions 1is, necessarily, com-
municated first to exterior laminae and, subsequently, to the more cen-
tral regions. As a consequence, differential phase lags occur.

(3) Attenuation of a thermal wave occurs as the wave progresses from
exterior to axis.

The behavior of the homogeneous cylinder msy accordingly be qualita-
tively described as follows: At comparatlively low frequencies, the entire
element responds as an Integral unit. The response is then that of a
first-order system; the time constaent is proportional to the product of
the boundary-layer thermal resistance and the total heat capaclty of the
element. At higher frequencies, however, attenuation and differential
phage shifting of thermal waves begin to occur. The situation becomes
far more complex. There 1s a decrease 1n over-all response not merely
because of sttenuation in the vicinity of the axis but also because the
contributions to the electrical output (whatever the nature of that out-
put may be) are not in phase. This phenomenon in turn causes a further
decrease in output.

It was suggested at the Lewis laboratory in 1946 (unpublished work)
that one technique whereby the situation could be ameliorated was to
substitute for the homogeneous cylinder a two-material lsminated cylinder
(fig. 1). BSome electrically nonconducting and thermally poor-conducting
material such =s an oxide was suggested for the core and an electrically
active material of some kind such as a metal for the shell.

Such a structure would have certain adventages, and these advantages
would be present whether the instruments in question were thermocouples,
hot-wire anemometers;, or resistance thermometers:

First, the electrically active material is now concentratéd in a
region that is the first to sense envirommental changes. This effect
tends to increase instrument response. In addition, however, the
thermally poor-conducting material of the core tends to become thermally
isolated from the surface region as the rapidity of an environmental
change increases. Both of these effects combine to ensure, generally,

a much greater amplitude of electrically active material response then
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would normslly occur for an ordinary metallic wire of the same size. At
the same time, the lag of the response behind the external change becomes -
much smaller.

Second, for the same cross section of material and same wire length,
errors associated with paraxial heat conduction are reduced because of
the smaller thermal conductivity of the core material.

Third, the higher electrical resistance of such a structure results
in a more efficient transfer of electrical energy to high impedance de-
vices such as amplifier input circuits.

2922

Finally, because of the smaller length-to-diameter ratios mede pos-
sible by the lower thermal conductance, the laminated structure would have
higher strength than ordinary wires when the proper materials are used.
(It is of interest in this connection that synthethic sapphire - mono-
crystalline alumina - has been stressed to 155,000 pounds per square s
inch tensile stress at the National Bureau of Standards. Fused-quartz

fibers.- are known to have breasking strengths ranging up to 108 psi.)

It will be impossible, however, to achieve substantial gains in all
of the mentioned ways similtaneously; the unit will have to be designed
for the application.

While use of such a structure is anaslogous to the use of film
bolometers in infra-red radiation detectors, there are certain ways in
which the responses of simple and compound cylinders differ materially
from those of plane elements. It was therefore necessary to develop a
quentitative treatment of the behavior of laminated-cylinder instrument
elements. While the results probably parallel certain of the results
obtained in the bolometer field, no effort has been made to correlate
quantitatively the behavior of f£ilm bolometers and laminated cylinders.
Tt is, however, clear that differences in the two sets of behavior char-
acteristics will be small for moderately high rates of variation of
environmental temperature, moderately high heat-transfer coefficients,
and relatively very thin metallic films.

It is the purpose of this report to present a reasonably complete
quantitative description of the thermal behavior of both simple (homo-
geneous, solid) circular cylinders and of two-material laminated cylin-
ders exposed to circumferentially uniform environments. In the case of
the laminated cylinder, the scope of the nmumerical results was neces-
sarily limited. Specifically, the shell material was assumed to have
higher conductivity than the core. Paraxial conduction was assumed to
be of negligible magnitude.
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Initially, a discussion is presented of the behavior of a simple
circular cylinder; derivations of formulas taken from the literature are
in appendix B.

A discussion is then presented of the behavior of the two-material
laminsted cylinder thet places strong emphasis on the case in which the
shell material is high in thermsal conductivity. The appropriate time
constants and nondimensional parameters are discussed. An exact analyti-
cal treatment of the general case is given in appendix C; that solution
was used to confirm & few of the numerical results obtained by the nu-
merical integration technique discussed in this report. An approximate
analysis leading to formulas of sufficient simplicity to enable desk-
computer calculations within reasonable time periods is presented in
appendix D. (The exact theory of the hollow-cylindrical shell, useful
under certain circumstances, is given in appendix F.)

The results of the extensive laminated-cylinder nmumerical computa-
tions made in comnnection with the present study are then presented and
discussed. The numerical integration technique used is explained in
gppendix E, in which also is stated the procedure used in the calculation
of the Kelvin-Bessel functions required in the calculations. Comparisons
of the laminated-cylinder results with simple cylinder responses and with
first-order calculations are made. Illustrative examples of applications
to physical situations are included.

The important symbols used in the report are defined in appendix A.

THERMAL, RESPONSES OF HOMOGENECUS CYLINDERS AND OF CYLINDERS
RESPONDING AS THOUGH HOMOGENEOUS
Assumptions and General Remarks

Steady-state thermal responses of circular cylinders to simple har-
monic environmental temperature changes are considered in this section.
It is assumed throughout that neither axial nor circumferential varia-
tions of heat-transfer coefficient, amplitude, or frequency of the tem-
perature oscillation exist.

Only the assumption on circumferential variation requires discus-
sion; in actuality, rather large circumferential irregularities often
exist. A mean heat-transfer coefficient would be used in such a situa-
tion and its value obtained by an appropriate integration procedure.

The question then arises as to the difference between the actuasl behaviar
of the cylinder and the behavior calculated under the assumption that the
heat-transfer coefficient was uniform circumferentially and was (of
course) equal to the mean velue of the real gituation. At the high
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frequencies and low core (oxide) thermal diffusivities, at which the

important phenomena discussed in this report will occur, both radial and Ve
circumferential spreading of local thermsl events will occur to only a

small degree. At the same time, circumferential gradients of heat-

transfer coefficlent will be small in comparison with radial temperature
gradients. Accordingly, the assumption of constancy of a heat-transfer
coefficient at an appropriate mean value will necessarily lead to results

in accord with resl cylinder behavior.

Through appropriate syntheses, thermal responses to nonsinusoidal
periodic temperature drives may, of course, be obtained once the re-
sponses to simple harmonic drives of all relevant frequencies are
elucidated. If generalized frequency response results are avallable,
aperiodic solutions are obtainable.

2922

Simple Cylinder

Time constant and Biot number. - It is convenient to speak of time
constants of the system boundary-layer cylinder despite the fact that no
exact simple relation exists between the behavior of first-order or
second-order systems, on the one hand, and boundary-layer cylinder systems

on the other.

"External™ and "internal" time constants: The external time constant.
is that which characterizes the system when the cylinder responds as a
unit. In the case of a wire through which 1ittle or no electrical cur-
rent is flowing, the external time constant is given by
2 2 2
. _ rbpcP _ rbk _ Ty (1)
ext kauf a*kauf 2a*Bi

in which Bi, a Biot modulus, is defined by

hpry, (2)

Bi = =

This is the conventional time constant used in first-order analyses of
thermocouple responses.

When electrical heating occurs, the external time constant of a hot-
wire anemometer, under constant-current conditions, is given by

1+ c,r, \/ 2 (et N (3)
1+ cpTe ay/\22°B 1+ cple gy, ext
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where c¢; 1is the mean thermal coefficient of resistivity of the wire
material over the temperature range 0° C to T, and Te,av is the time-

average value of the effective environment temperature. The effective
enviromment temperature is defined .as the temperature attained by the wire
when not heated electrically in the absence of longitudinal conduction.

The internal time constant <j.; 18 erbitrarily defined as that

period of time during which the area-averaged cylinder temperature
change, in the case of a sudden surface temperature change, attains a

magnitude of 1 - e"L of the final (asymptotic) change. The numerical
magnitude of the internal time constant may be obtained as follows:

The theory of the response of a (very long) homogeneous cylinder
the surface temperature of which is suddenly changed from some initial
value tO,b to zero is given in reference 4, pages 170 to 171l. Carslaw

and Jaeger give

a*mge

' 2

B T

t J T b
= — J m., -——\| e 4
%0,b ; :to,b © <J l‘b> (+)

=1

in which Bj is defined as follows:

@

j : T

J=1
where in the general case tj, the initial temperature, is a function of
the radial coordinate, and where my is one of the successive roots of

Jo(mj) = 0. The validity of this expansion is demonstrated in reference
5 (p. 576) wherein it is also shown that :

1
2 r T r
B; = ——— — tnd, — 14 (=
1" By | o °°<m“ rb) <1‘b>
0

ot
For the case in which —Eg = 0, tg is constant at some value, say

t%, and Bj becomes
*
2t
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Equation (4) then becomes
anﬁe
Jol(m 2
t O( J rb}
mJJl mJ

which is identical with equation (5), page 174 of reference 4. (Carslaw
and Jaeger give the average temperature (on an area-weighted basis) for
this case finally as

© 2 8.*6
_m ——
- To J rg
J; = _EE zﬁr.ii ar = s (5)
'to o t 0 mz
b Jo J

=

Since <%;,. was defined as the time at which ~£§ = e‘l, it follows

O

that

*
-m
J 2
T

e
2
™
=T
. If, now, the symbol A is used to denote the value of the Fourier
#

a-T
int
modulus rz at which the above equality holds, the defining equation
b
for A\ Dbecomes

- _mzx
S = fee)t (6)
5

The roots of Jb{mJ) = 0 may be found in the sources cited on pages
261 to 262 of reference 6. It is possible to compute A precisely by

2922
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calculgting the value of the function represented by the left side of
equation (6) for a succession of values in the immediate vicinity of an
approximate value of the constant. It did not seem worthwhile to do
this, however, since the usefulness of the concept would not be increased
by the availability of an exact value. The approximate value of A

<<77 —mgk*
(0.111) was obtained in two ways: First, the values of 4 , s 3 for
=1 =

values of the dummy parameter X* renging from O to 1.00, as given in
references 7 (p. 143) and 8 (p. 357), were plotted. The value A & 0.111
is immedlately obtained from such a plot. This value has been adopted

as an exact one throughout this work.

An glternative method of determining the value of A is the exami-
nation of curve III of figure 9 (p. 84) of reference 4, which presents
both nondimensional temperature distributions and average temperatures
for slabs, circular cylinders, and spheres as functions of the Fouriler

number é*e/r%. (It should be borne in mind, however, that u/V of the

graph in question equals (tg - E)/tg in the present notation.) Again,

one arrives at the same value of A to three significant figures using
this second procedure.

The relation

T

a2 0.1 8 )
a* - . 8.*

int =

then yields <T4,4. It is emphasized that equation (7) is adopted as the
definition of Tj..

The significance of the two time constants in connectlon with the
present problem is the following: If Tgyy >> Typt, then, regardless of

the magnitude of the product Ty, the cylinder will respond as a unit.

In fact, a parameter of the highest importance is the Biot modulus
previously defined (eq. (2)), for

2
T Ar *
int _ Mb  2a”Bi _ 5

T T % 2
ext a Ty,
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that is,

hery,  Tint (8)

Bl = kX 2\t

ext

On the other hand, as the Biot number, initially small under the
above hypothesis, tends toward and ultimately exceeds unity, the interior
temperature ceases to be uniform and the phenomena occur which were dis-
cussed qualitatively in the INTRODUCTION.

Solutions in literature: Surface and interlor response. - The ratio
of locel instantaneous temperature of a homogeneous cylinder to the maxi-
mum amplitude of harmonic environment temperature change te,M cos Wl

is given by the following:

- ber(ar) + beif(ar) 1/2x
=n= 2 2
®r,b T ¥1,p

?R,b bero(ar) + @ beid(&r)

(9)

cos (W9 - tan~
I,b

A result equivalent to this is derived in appendix B. It is there as-
sumed, however, that the temperature drive is te,M sin(w® + €). Equation

(B15) there derived differs appropriately from equation (9). In equa-
tion (9), bery and bely (both real) are defined by

J'o(is/2 x) = bergx + 1 berpx

and
-1
QR,b = Ja beré(arb) + ber(ar, )
L (10)
@I’b = Ja~ beil(ar, ) + beio(a.rb)
where
a= 35
‘\]Z*
and

&
m

bhe [o¥
= No (11)

2922
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(A solution is given in reference 9 for the case of a step change
of environment temperature; charts are presented on pages 278, 286, 289,
291, 413, 417, and 418 of that reference.)

Equation (9) seems to have been first derived by H. Grober (ref. 10).
In that reference, a very complete exposition is presented both for the
temperature regimes and the instantaneous heat-flow rates in homogeneous
slebs and cylinders upon subjection of such objects to periodic environ-
mental temperature changes. (Much of this material may also be found in
refs. 9 and 11.) It should be noted, however, that Grdbers' mumerical
results, while substantially correct, are not free from error. The
numerical errors contained in the Gréber article are perpetusted in a
somewhat truncated version of the original paper appearing in the more
accessible reference 11 (pp. VI-30 to VI-37). Table I presents a com-
parison of the values of Grdber with the correct values as obtained di-
rectly or computed from the listings in reference 12 (pp. 182 to 201).
Table I presents certain additional useful data.

In teble II, equivalent numerical velues of certain of the non-
dimensional modull or parameters used by Grdber and in the present study
are listed. This listing facilitates the comparison among his results
and those more recently obtained by others. .

At this point, it is desirable to bring together the various parame-
ters already mentioned. Appendix A exhibits the interrelations among

those parameters. The moduli Fo* and Ja* are included because of
thelr use by Gréber.

The relative surface temperature values are given by

2
l;er%(arb) + bei%(arb) 1/ N

| 3% + a8

$; berg(ary) - g beig(ary)
N bero(arb) + & beioownb)

cos (@8 - tan~l (12)

This relation is easily obtained from equation (9) by substituting Ty

for r wherever it appears in that equation. The axis temperature Nax
is given by

2) -1/2

%
2 -
Tla,x=(¢’R+cbI cos <a>9-tanlgi[ (13)

inasmuch as bery(0) = 1 while beiy(0) = O.
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It is clear that the ratio of the maximum values or of any pair of
values occurring at the same epoch angles relative to the maximums at
the two locations (axis and surface) will be given by

E%ﬁ ~ [berBlary) + vetf(ary)] "2 (14)

Gréber (ref. 10) gives uumerical values in both tsbular and graphic
form of My, Ngy, and gy y/fMp - Exemination of teble I will indicate

that his values of bery and belp are correct or virtually so except

at the highest values of the argument ar. Accordingly, it was desirable
to reproduce his germane tables and figures without change, although
values corresponding to his large arguments must not be considered exact.

The surface temperature attenuation factors and phase shifts listed
in Grober's table 1 for the case of the semiinfinite slab are reproduced
23th?

£
kpc
Tables IV and V (Grﬁber‘s numbers 4 and 5) apply to the case of the

cylinder; the parameters are Ja*z and Fo* = —EEEE—. Flgures 2 and 3

PCLTHW
D
(from Grober) exhibit the data of tables IV and V in graphic form.

*
‘here as table III. The sole parameter in this case is Ja 2 -

The limiting situations were summarized by Grdber (ref. 10) as
follows:

"(a) If the heat-transfer coefficient is infinitely large [?xternal

*
time constant zero, internal a.rbitrary:l so that hza.to =e [Ja =w]

then the surface temperature will be forced to follow the oscillations
of environmental temperature immediately and with undiminished amplitude;
therefore, 1y = 1 [0, = 1] and & = O° [the phase shift at the surface

is zerq].

"(b) This same consideration is velid when the cylinder is infinitely
thin, that is, (atg)/RZ == [ar = O and both time constants are zero].

"(c) If the heat-transfer coefficient is infinitely small [external

*
time constant infinitely great], so that hZaty = O [Ja” = O], then the
calculation yields a phase shift which increases from 45° to 90°, that
is, from 1/8 to 1/4 of a period. This phase shift is not too meaningful
because the oscillations of surface temperature are throttled down to
zero by the adverse heat-transfer conditions.

2922
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"(d) When the cylinder is infinitely thick [ratio of internal to
external time constant very high], then, simply, the laws [of heat trans-
fer] for infinitely thick bodies [slabs apply, and for this reason the
first vertical numerical series in tables 4 and 5 agrees with teble 1."

Grober continues his discussion of a homogeneous cylinder as follows:

"Now we can determine more accurately the domain of the ‘*infinitely
thin' and of the 'infinitely thick' ecylinders.

"(a) If the calculation shows that (ato)/hz [Fo¥] is greater than

about 5| Fo >0.7958; ar < 1.121; afty, < 0.139] then the cylinder

(according to table 6) responds as a unit over its entire thickness.
This does not mean however that the cylinder Etemperaturé] oscillation
entirely follows that of the ambient temperature; only when 1 [My]

(according to teble 4) is approaching unity does this occur and only
then are we permitted to treat the cylinder as infinitely thin.

"(b) We will in the following consider the temperature waves as cut
off when they have decreased to 2 percent of their surface values. It
can now be read off from table 6 that the temperature waves no longer

reach the axis when (aty)/RZ [FS¥] is less than about 0.07 [Fo < 0.0114;
ar > 9.474; WTi,¢ >-9.9§]. But this failure indicates that the cylinder

is infinitely thick and the equations . . . E%or the semiinfinite sla@]
are applicable. These imply that the surface is plane. Approximately,
therefore, the depth of penetration . . . is only about a third to a fifth

of the cylinder radius.”

Mean response of simple cylinder. - The instantaneous mean tempera-
ture with respect to radius of a homogeneous cylinder, taking into account
the variation in relative phase over the cross section, is of considerable
interest. This relation, derived in appendix B, results from an elemen-

tary area-weighting averaging process:

2 [Pery y, + beiy p]1/2

n = 2 2
ITh '@R,b + ‘i’I,b
1 @R’b beilo’b + q)Ii‘b beib,b
cos | wd ~ tan ™ [z Y Eu— SorT (15)
R,b 2°70,b ~ *I,b "¥0,b

(The notation ber( ;, = berj(ary) has been introduced here. Note also

, that ber)(ar, ) = {a [ber,(or)] /d(a.r)}rb.)
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The maximm amplitude of .ﬁM has been plotted in figure 4(a) as a
function of the varisble T,y = wrbpcP/th and of the parameter

OTey 0Tyt = Togr/ Fips = (2ABL) ™ = k/2Anpry. It will be noted that,
for a homogeneous cylinder, large deviations from the first-order re-
sponse occur only at values of Text/Tint <10, and even then only for

WTgyy < 20. The physical reason for this remarkable fact appears to be

that the increase in surface temperature amplitude with decrease in
Text/Tint tends to compensate for the decrease in deep-interior ampli-

tude. This point is brought out quantitatively in the following list
of homogeneous-cylinder amplitude values:

(D'text = 31. 62
OTint Approximate Exact mean
surface amplitude amplitude
\ (Grdber)

0 0.03161 (first-order) | 0.03161
1 .031 .03150
.3162 035 | .03126

1.0 .043 . 03067

3.162 .075 .02981

10 .140 .02845

In this list, for a virtually constant relative mean amplitude, the sur-
face temperature amplitude increases by a factor of 4.5 in going from a
Text/%int ratio of infinity to a ratio of 3.162; this behavior is

typical.

Simple-cylinder surface temperature analog. - This phenomenon can
be understood when a simple surface temperature analog is considered,
namely, a circuit (fig. 5) consisting of a "black box," a source of
(alternating) potential, and a high resistance in series representing
the thermsal resistance of the boundary layer around the cylinder. The
"black box" may then be considered to be an analog of the cylinder
itself. The potential is then equivalent to the envirommental tempera-
ture oscillation while the current of the analog is equivalent to the
heat-flow sinusoid. Provided the impedance of the black box remains at
most about a third of the impedance of the external resistor, no change
of distribution of impedance within the box or of over-all box impedance
will substantially affect the current (heat) flow level. If, however,
the cylinder as a whole is to receive about the same amount of heat per
unit time irrespective of the deep-interior changes of temperature, 1t
must Pollow thaet the near-surface variations must increase

correspondingly.
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The black box contents may be represented, very roughly, by two
resistors and an inductance (fig. 5) and, in that case, will behave ap-
proximately as the actual cylinder will at high T,y values; as the

frequency increases, the current in resistor A will increase at
the expense of that in B.

Relative responses at surface and over entire cylinder. - The ratilo
of surface amplitude to mean amplitude (disregarding the phase differ-
ence, of course) follows from equations (12) and (15):

2 2 1/2
nb,M _ a:I"b bero b + beio,-b / (16)
7. 2 2 2
1
M berl’b + beil’

2 2 = per!2 2
(Note that Derf + beif = berl® + beil .)

As in the case of equation (14), this ratio is, of course, inde-
pendent of the heat-transfer coefficient, that is, of the Jakob number;

a few values of ﬁﬂ/nb M &re listed in table VI and plotted on figure 6.
2

The corresponding decrease of phase shift is given by the relation

'beiojk beio’b
bero’b beré,b

bei bei

(17)

6 -Qp =

- 1

0,b 0,b
Tt should be noted again that relations (12), (16), and (17) apply °

to the homogeneous cylinder. They imply, however, that some means has
been found whereby temperature conditions at the surface can be deter-
mined by suitable instrumentation. Apart from optical means or the use
of very high frequencies, no physical mechanism is actually available
vhereby this wholly theoretical improvement mey be realized in the case
of an electricelly conductive cylinder. Moreover, the (metallic) interior
of the homogeneous cylinder is stropgly coupled (thermally) to the sur-
face so that the realizable improvement would be small in any case.

Quasi-Homogeneous—Cylinder Configurations
Genersl considerations. - In figure 7(a) a homogeneous metallic

cylinder has been replaced by a laminated structure. An insulating
layer (possibly of some oxide) is placed between the metallic core and
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the outer shell of metal. The purposes might be provision of a neces-
sary electrical separstion and retention of an auxiliary scurce of heat.

The volumetric specific heats of most nonporous materials are very
nearly equal, so that the substitution of the oxide shell has little if
any affect on the thermal cepacity of the device. This fact aids in the
analysis of the situation. On the other hahd, the radial thermal re-
sistance will be markedly increased if the oxide stratum has significant
thickness.

Assuming, however, that both shells - particularly the oxide - are
of negligible thickness, it is clear that the improvement factor is given
approximately by equation (16) as a function of ary (or of anint,z)'

In figure 7(b), the original homogeneous wire has been replaced by
an oxlde core, a thin concentric electrically conducting shell, and a
cover shell of the same oxide. This arrangement would be desirable, for
example, if corrosion protection of the metal were required, particularly
for high-temperature applications. This configuration is desirable from
the performance standpoint only when the oxide cover layer is very thin.

The equations of the homogeneous cylinder are again valid approxi-
mately provided the metallic-layer 1s very thin, so that the sum of the
thermal resistances of the oxide core, metallic shell, and oxide cover
shell is not significantly less than that of an oxide cylinder of the
same over-all radius. In this instance, the response will of course
fall off rapidly with increase in cover shell thickness, although there
is no thickness limitation on the cover shell from the analytical

standpoint.

Relative improvement for very thin shells. - If, in figure 7(b), the
radius of the very thin metallic shell is equal to the outside radius 1y

(outside oxide layer of zero thickness), the approximate improvement fac-
tor and decrease in phase lag in comparison with the homogeneous metallic
wire (the frequency and heat-transfer coefficient remaining fixed) are
glven by the following:

2 2 1/2 2 2 1/2
T, 1M berg(a,r, ) + beig(ar, ) a,r ®r2 T 212
0, - 2 2 2 13 2
2,M éR,l + QI,l bery (azrb) + beio(azrb)

(18)
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and

1

[I’R,z ber(apry,) .
1 VQI,Z belé(mzrﬁj
*R,2 ber g(ar, )
1
@I,Z beio(azrgj

¢2 - ¢b,l = tan

berp(ayry) %5
ol berg(aqry) él,lr

[%R,l berg(ayry) i] (19)

+
21 Perglayry)

These were obtained in an obvious menner from equations (9) and (15);
note that in this situation ry = r,. In equations (18) and (19),

o
i1

R’z Jaél berb(cczrb) -+ bero(azrb) X

-1
'QI,Z = Jaj beié(azrb) + beio(azrb)

) (20)

-1
QR,l Ja] beré(alrb) + bero(alrb)

¥ °® Jagt veif(anr,) + bei (o Ty ) J

The improvement factor and decrease in ﬁhase lag are functions of any of
a number of dependent sets of four parameters, for example, kz/kl, ai/a*

27
aory, and Jas. It happens, however, that kz/kl = (é;/di), so that

one of these variables is in practice supernumerary. Since the number
of calculations required for a generalized solution would be prohibi-
tively large, numerical results are best obtained for specific cases.

In figure 7(b), it is apparent that the thin shelled case is much
more accurately described by the homogeneous-cylinder equations (with
appropriate arguments) than is the situation of figure 7(a). The reason
is that the oxide layer of figure 7(a) must be extremely thin if it is
not to act as a thermal barrier, whereas in the case of figure 7(b) the
metellic layer may have an appreciable thickness without seriously Jjeop-
ardizing the accuracy of the simple analysis. On the other hand, it is
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highly desirable from the viewpoint of attainment of high response speed
to have the oxide layer of figure 7(a) as thick as practicable. Ultimate-
ly, the two-material configuration of figure 1 is again reached.

The situation of figure 7(a), for the case of a very thin surface
(metallic) layer, may be more accurately analyzed as a thick-shell prob-
lem that is the reverse of the situation of figure 1; the techniques are
discussed in the following section of the report. When the thick-shell
approach is used, there is, of course, no limitation as to the oxide
shell relative thickness. No actual computations have been carried out

for this case, however.

THE TWO-MATERIAL LAMINATED CYLINDER (FINITE SHELL THICKNESS)
Moduli

The parameters required for the description of the behavior of a
leminated cylinder (when the shell thickness is not small) are discussed
in the present section. In addition, a qualitative description of that
behevior is presented in terms of those parameters.

It should be noted that when the thermal conductivity of the core
of such a structure is small as compared with conductivity levels of
metals, the decoupling of surface from interior is greatly megnified.
This effect, together with the limitation of the sensory portion of the
Instrument to the thermally active surface section, comstitutes the
chief advanteges of the structure under consideration. The resulting
performance is best explained in terms of certain nondimensional moduli
derived from an eppropriate set of time constants based on the preceding

homogeneous~cylinder treatment.

Text o 1s the time required for the uniform temperature of a solid,
homogeneous cylinder of radius ry, and made of hypothetical material of
infinite thermal conductivity but having the same volumetric specific

heat PoC D, 2 as the laminated-cylinder shell to change by 1 - el of
the total change when the enviromment temperature is suddenly altered to
a new fixed value. The heat-transfer coefficient h is assumed fixed.

Tint o> 1s the time required for the mean temperature of a solid,
homogeneous cylinder of radius 1, and made of the same (real) material
(of finite thermal conductivity) as the laminated-cylinder shell to change

by 1 - el of the total change when the surface temperature is suddenly
eltered. In this case, the value -of h, 1s not germane.

2922



CE-3 back

2262

NACA TN 3514 19

Finally, Tint,l is the time required for the mean temperature of a
solid, homogeneous cylinder of radius r, and made of the same real ma-

terial as the laminated-cylinder core to change by 1 - e'l of the total
change when the temperature at radius r, 1s suddenly altered; here,

again, external conditions are not relevant.

Three of the moduli of interest are then, explicitly, the following:

wText,Z = 2he
2
=___D'4aPye
CCint,2 E, ) (21)
aﬂr
oT _2TeP1%p,1

It is a straightforwerd matter to show, by meens of the Buckingham
I1 theorem or otherwise, that any physical 81tuation describable in terms

*
of the eight variables r,, ry, hp, k1, kg, a9, 32: and ® can be de-
scribed in terms of Wlext, 2 “ﬂint,Z’ wTint,l’ and two additional non-

dimensional moduli not as yet selected. The resulting five nondimensional
moduli must constitute an independent set. The additional moduli

B=r /f end T = (kz/kl) (alfa occur naturally in the exact theo-

ry of this configuration as presented in appendix C and are therefore

adopted as the final two moduli. (Note that I' and I'* in the calcula-
tions of the present treatment are equal; see appendix A. )

plc
WTypg 1 = WTing g B2 ( z><“]> (22)

The relstion

or

K
2
®Tyng,1 = ®%ing,2 g <k1> (23)

when

°1p1 P2%p,2
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should now be noted. It is to be recalled that the ultimate purpese is’
that of restricting temperature changes to the shell by decoupling the
core from the shell; this expression states that the internal time con-
stant of the core (with an increase of which the decoupling effect, of
course, increases) exceeds that of the original wholly metallic wire by
a factor which is proportional both to the square of the radius ratio
ra/rb and to the thermal conductlvity ratio kz/kl. The importance of

maximizgtion of B 1is thus emphasized.

Qualitative Response Description

In terms of the modull mentioned, the behavior of the laminated
structure may now be qualitatively discussed as follows: At frequenciles
80 low that Ting,1 is less than asbout 0.5, the entire cylinder re-

sponds as a unit and the laminated structure is indistinguishable from a
homogeneous wire. Normally, w“éxt,z under these circumstances is very

smell, so that the cylinder follows the external changes precisely; an
exception would occur only for a vanishingly small heat-transfer coeffi-
cient, which would mean an exceptionally small Biot number

T .
int, 2/ PMext 2°

As the frequency increases, the thermal response of the core deterio-
rates much more rapidly than would that of a high-thermal conductivity
core under the same conditions. In consequence, the shell gradually be-
comes isolated from the core; this process may be considered virtuaslly
complete at some OTint,1 value between 15 and 20, depending on the ratio

of core surface to mean core response that 1s accepted as representing
"isolation". At the intermediate wrt, . ; value of 10, for example, the
2

ratio of oxide surface amplitude to mean oxide amplitude is about 4.9,
whereas at the ®&Tint,1 value of 17.5 it is 13.2.

Whereas the cylinder response as & whole deteriorates more rapidly
with increase of frequency than does that of a homogeneous metallic cyl-
inder, the response of the metallic shell falls off less rapidly, since
exchange of heat with the relatively unresponsive core decreases with
increasing frequency. A% aﬂﬁnt,l values greater than about 20, the
response of the shell is essentially identical with that of a shell lined
on the inside by a layer of zero thermal conductivity, that is, the re-
sponse is virtually the same as that of a hollow, evacuated shell. It
follows that the shell response, ignoring the existence of thermal gra-
dients within the metal, is then approximately that of a first-order
system having a time constant given by .

2
Text,2,a-b = ‘ext,2 (1 - B (24)
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The response associated with this single time constant Text 2,a-b is

never quite realized because the core is never perfectly decoupled from
the shell and because the shell temperature (amplitude) is never quite
constant.

At still higher frequencies - frequencies such that Wit o 1is
J

greater than about 4 to 5 - the nonuniformity of shell temperature be-
comes marked, and it is no longer proper to consider that the shell re-
sponds as a unit.

An gpproximate analysis valid under all sets of conditions such that
the thermal amplitude gradient in the shell is small (wT; int,2 less than
about 4) is presented in appendix D. Explicitly, it is there assumed
that the shell responds as a unit, but no such assumption is mede con-
cerning the core. The relations established by that analysis are accu-
rate for low and moderate frequencies unless kz/kl is less than asbout 5.

Calculations and Results: Finite Shell Thicknesses

General considerations. - The mathematical techniques used in these
calculations are described in detail in appendix E. In this section,
selection of modulus values, organization of the calculations, and the
nature and utilization of the results are discussed.

Moduli end organizatlon of calculations. - As was mentioned previ-

ously, the relevant moduli in the laminated-cylinder situation are the
: wT. r. It d. that
following “ﬂEXt,Z: “ﬂint,z: int,1s B, and It was desirable tha

wide ranges of those variables be covered; that the ranges of greatest
physical interest be emphasized; that regular sets of results be availa-
ble in each of which only one variable among kp, ky, @, hp, vy, and r

is consldered as varying; and that interpolation among calculated results
be reasonably easy. For materials of present interest P1%p,1 is always

nearly equal to pch 29 hence the calculations were restricted to cases
2

in which the equality holds precisely. Instead of I', the ratio kz/kl

was taken as a primary modulus.

Calculations were made for the two relative shell thicknesses cor-
responding to B values of 0.75 and 0.90. It was felt that the results
for these thicknesses, together with appropriate homogeneous-cylinder
calculations for the cases B = O and B = unity, corresponding to ho-
mogeneous metallic and oxide cylinders, respectively, would serve to
esteblish the mean shell amplitudes and phase shifts of chief interest
from the instrumentation standpoint.
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Further, calculations were made for five kz/kl ratios and five
OTint,2 values according to table VII, in which arbitrary case numbers

and group letter designations are indicated together with the correspond-
ing modulus magnitudes.

It is clear that the effects of variation of any single modulus
among “nint,ZJ kz/kl and pB may be observed by comparing results within

an appropriate set of cases. In the case of B vardiations, it is neces-
sary to consider also results for corresponding homogeneous-cylinder cal-
culetions (B = O and 1).- In the case of kz/kl variations, it may

occasionally be helpful to consider resulis for corresponding homogeneous-
cylinder calculations (kz/kl =1).

Each wmint,z value corresponds to a definite apry value according

to the relation given in appendix A. The nondimensional variable of the
heat-flow equations was 17 = ajr in these calculations (although aor

could have been used as well). The parameter ar can be considered a
kind of nondimensional radius; it is, at any rate, convenient to speak
of an outer "radius" a,ry (or alternatively alrbs and an inner "radius"

aory (or aqrg).

The assumed relation between ajr and oor 1is the following:

agr = ayr (ip/ky )2 (26)

I P1Cp,1 % P2Cp, 2 this relation becomes

QT = apr (kz/kl)l/z (Plcp,l/bch,z)llz

For each of the 50 case numbers of table VIII, the combination of
B, kz/kl and ot , leads to a core "radius" according to the
b

relation

Ty = By iy Y2 (27)

Relations (26) and (27) are valid only in the case of equality of
the volumetric specific heats. An alternative point of view is that of
considering that an wmint,l value is arrived at according to the
relation

OTyng,1 = A8? (azry)? (icp/ky )
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Outline of calculation procedures. - The initial mathematical pro-
cedure then consisted of performing a numerical integration of the ap-

propriate Bessel's equation over the range @\ry to ayry = ajr, B‘l,

that is, the equation is integrated outward through the shell to the
surface. The starting values at the shell inner surface are the values
of the bery and bely functions for the argument @ ry. The boundary

conditions (including the change of properties) at the core-shell inter-
face are taken iInto account; the details are given in appendix E. Table
VIIT exhibits the values of ayry, ojry, dor, and apry for the 50
cases.

The results of such an integration is a pair of numbers - the values
of the real and imaginary parts of the solution of the Bessel's equation
at ayry. In effect, the variation with radius of amplitude and phase of

the temperature oscillation relative to conditions at the surface are
obtained. in this manner. The principal remaining task was that of as-
certaining the actual surface amplitude and relative phase angle which,
together with a given nondimensional heat-transfer coefficient

1/2
Jay = hf/(mkzpch,z) / , comprise a triad of values consistent with en-

viromment amplitude and phase angle. The details of this procedure are
elso given in sppendix E together with the relations required for the
calculation of local and mean shell amplitudes and phase angles.

It is sufficient here to remark that a total of 19 Jaz values was

used with each of the 50 cases so as to cover adequately the physical
realm of interest. The values of dJag were arrived at by calculation
according to the relation

Jay = (0T 2)1/§/§11/2 Text, 2 (28)

in which (23/2)"1 = 1.50075 . . . for A = 0.111. The values of
mTint o previously mentioned were used with the set of “ﬂbxt o values

comprising the geometrical progression O. lxlOn/é, where n goes from O
to 22. It 1s to be noted that while pairs of successive values of

wrint o differ by the constant factor 101/2 the successive values of
Wleyt,z and of Jap differ by 101/%.

-1
The interrelstions among Jaz th ) Biz, a>1nLt 09 a’ext,a’ Foz,
Fog, and aory are exhibited in table IX. This table will be discussed
at greater length in the following section.




24 NACA TN 3514

Results of Laminated-Cylinder Calculations and Discussion

Identity of results. - Mean relative amplitude and phase shift as
well as the locel (internal) variations of relative amplitude and phase
shift for e wide variety of conditions are presented in table X and fig-
ures 8 to 11l. The mean values are discussed first, since they are of

primery lmportance.

The results of the laminated-cylinder and of certain additional re-
lated celculations are presented in table X. As indicated previously,
the mean amplitude and phase shift were obtained for each of the listed
values of the dimensionless heat-transfer coefficient dJas,. The original

calculations, discussed in appendix E, were carried out to seven or eight
figures but the final results are correct only to within one unit at the
fifth figure and to four units at the sixth figure. In table X, the
values reproduced were rounded off to five significant £igures in the
case of the relative amplitudes and five significant figures in the case
of the tangents of the phase angles. The laminated-cylinder phase shifts

52 are given only to three decimal places because these were rounded off

in that menner preparatory to curve plotting. The remaining phase shifts
are glven either to five significant figures or four decimal places.
While $é is given only to three decimal places, greater accuracy can be
recovered, if desired, by using the corresponding tan.Eé values; the

latter are included here because many of the formulas of the present work
involve the tangent of the angle rather than the angle 1tself.

The arrangement of the laminsted-cylinder (B = 0.90 and 0.75) results
in table X corresponds to the case number order of teble VII. Comparisons
among different sets of results mey therefore easily be made, as indicated
previously in comnection with the discussion of teble VII.

In addition, results are included of calculations for corresponding
oxide-cylinder surface cases and exact and "first order" (uniform tempera-
ture assumption) homogeneous-cylinder cases. The value of day used in

each oxide-cylinder calculation was, of course, equal to Jazq/k£7k . It
follows that the homogeneocus—oxide-cylinder surface nb,M and ¢, values

represents limiting values which may be approached in real situations
but never attained, since they correspond to B =1 (ry = 1p).

Qualitative examination of results. - A pumber of interesting com-
parisons can be made. At the smaller t.,y Vvalues (less than about 3),

the homogeneous-cylinder amplitude at a given Jas 1is actually slightly

greater than the laminated-shell value but as the o,y value continues

to increase (say, to 10), the shell values at the various szkl ratios
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become greater, particularly at the high kz/kl values. A related, and
rather remarkable, variation of ﬁz among the shell values at the lowest

WT ot 2 values may be noted, namely, an initial decrease of ﬁé with
J
increasing kz/kl, followed by a reversal of this trend. At successively

higher wt ext,2 values, this reversal 1s gradually eliminated until the

homogeneous - cylinder amplitudes fall invariably below all the others.
No satisfactory explanation of all of these effects is available.

A detalled comparison of the results at the several B values In-
dicates that at moderate mTint,Z values, the improvement factor de-

creases markedly as the shell thickness increases moderately. For ex-
ample, at an wTint o Vvalue of 1.0 and an DText,2 value of 100, the

smplitude values for kz/kl 40 are as follows: B 1 (oxide surface),

0.090430; B = 0.90, 0.037681; B = 0.75, 0.020378; and B = O (homogeneous
cylinder - exact solution), O 0099049. The successive ratios of mean
shell response to oxide-cylinder surface response for the 0.90 shell,
0.75 shell, and 0.0 shell (i.e., homogeneous metallic cylinder) are
0.417, O. 225 and 0.1095, respectively. Therefore, the decrease in am-
plitude, in going from the B = unity (oxide cylinder) case to the 0.75
shell case, 1s much greater than the change between the 0.75 shell case
and the B = O (homogeneous cylinder) case.

Variable-frequency plots. - Certain additional comparisons are best
mede in connection with the discussion of the varieble-frequency plots.
Mean relative amplitude and phase angle are plotted in figures 8 and 9,
respectively, as functions of the parameter mmint,25 in the meantime

wrext,z is permitted to very in the manner in which it would if o alone
were varying in the case of each modulus.

Amplitude curves for each lettered group (8 and kz/kl constant )

constitute a single part of figure 8, while the phase results constitute
a single part of figure 9. The parameter held constant in the case of
each phase shift curve and in the case of each of the principal amplitude
curves (running from upper left to lower right) is the Biot mumber Bi,,

the value of which is indicated on each curve. The independent variable
has been taken as wmint o to conserve space. In effect, the sole vari-

able of these principal curves is the frequency (although other possi-
bilities, not all particularly useful, will be mentioned). In addition,
secondary curves are drawn on the amplitude sheets (fig. 8); their
meaning and use are explailned elsewhere.
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The amplitude and phase shift values for these plots were selected
with the help of table IX and the expression

1.50075 + » - (mint,z)llz
Srext,2

(29)

Jaz =

It is clear that upon increasing or decreasing the frequency by some
factor, Ja, will decrease or increase, respectively, by the square root

of that factor while mTint,Z and “ﬂéxt,z will vary directly with
the factor.

In table IX, it will be noticed that the successive combinations of
mméxt,Z’ wTint,ZJ and Jap, required for a gilven amplitude curve lie

along a disgonal line inclined upward from left to right and along which
the Biot number is constant. The fact that a succession of columns of
table IX must be traversed indicates that the successive mean amplitudes
and phase shifts must be found, not in the results for any one case, but
rather in a properly chosen set. For example, if cylinder responses are
desired for & B of 0.75 and kof/k; of 5, the successive pairs of values

would be chosen from among the F group of cases, namely, 1, 5, 12, 22, and
32 (see teble VII); the amplitude and phase shift for the Ja, value

0.084394 would be selected from the case 1 results (see teble X), the am-
plitude and phase shift for the dJa, value 0.047458 from the case 5 re-

sults, etc.

A1l of the calculated results were grouped in this manner to facili-
tate plotting. Although the sole variable of the principal curves is
frequency, it is possible to select other variables or combinations of
verisbles in such a wey that the curves may be interpreted as representing
the effects of variations of such single varisbles or combinations. Ex-
plicitly, either o, p, Cps @p, WCp, OT apcp may be considered to be

the sole variable of these presentations.

When the different amplitude curves of a single part of figure 8 are
compered, it should be noted that WToyt 2 is not comstant along a ver-
2

tical (constant ey, p) line crossing successive curves. The T,y o

2 2
scale values increase by a factor of lOl/4 as each successive curve is
reached (proceeding from top to bottom). The secondary curves of figure
8 bring out these w“éxt,z changes more clearly and enable easy inter-
comparison of amplitudes for different primary curves. Their signifi-
cance will be discussed subsequently.
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In these plots, the curves were drawn for values of otk < 0.1
2

and > 10 by extrepolation; curve values lying outside of the range
~0.07 <‘DTint,2 <~15 should not be considered to be quantitatively

correct even though considerable care was exercised in the fairing proc-
ess. Curve values within the wTint,Z range mentioned are generally

correct to within 41 percent. .On the other hand, values for Tyt 2
)

lying outside of the range in question may be as much as 10 percent in
error in isolated cases, though these large errors are improbable and
will be reached (if at all) only at W¥int,2 Vvalues of about 0.025 at

one end of the scale and of 40 at the other end. In general, values
within the ranges 0.025 i‘DTint,z <0.07 and 15 ﬁmint,z <40 are

probably correct to within 4 percent.

At high @Teyy p values (fig. 10), M, values for various kp/k
ratios tend to coincide or even "cross over." For example, the
Bi = 0.450 amplitudes exhibit thie behavior; at smaller Bi numbers
the tendency 1s less marked, although still present (for example, the
Bl = 0.00450 amplitude curves).

The improvement in response exhibited in figure 10 in going from a
0.25 relative thickness shell (B = 0.75) to a 0.1 shell (B = 0.90) is
very marked at all Biot numbers at a"%xt,z values that are in each

case high enough to ensure substantial lmprovement of response for the

change from the conventionsl wire to the leminated structure. The

B = 0.90, Bi = 0.450 curves depart markedly from the first-order curve

at an OToxt. 2 value of gbout 7, and the B = 0.75, Bl = 450 amplitudes
2

are slgnificantly lower at that point. Similarly, while the B = 0.90

and P = 0.75 curves for Bi = 0.00450 overlap extensively at an

OTeyy,p value of 100 (where, at ko/k; less than 80, little gain is

available), the B = 0.90 curves are all substantially above the
B =0.75 curves at mTéxt,z values of 700 and beyond.

The gignificance of the secondary curves (running from lower left to
upper right) of figure 8 is now discussed. Consider, for example, in fig-
ure 8(a), the third curve from the bottom. This curve intersects the prin-
cipal curves at points such that wmint,z changes by successive factors

of 101/4, as does Bip. At the same time, WToyy p remains fixed and Jagl

(or Jaz) changes by successive factors of 101/8. The only physical vari-
able conteined in ‘”rint,z that is not a factor of aﬂéx§,2 is ko, Ac-
cordingly, these secondary curves display the change of 1 with the

thermal conductivity level of the entire laminated cylinder and it is clear
that k; must change proportionally so as to maintain constancy of the

ratio kz/kl'
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In particular, the curves, rising toward the right, display the in-

crease of 1y with decreasing k; and k; at high and moderate values
of awext,z (for example, the curves at low and intermediate ﬁz values
of the D group, figure 8(d)) as well as the tendency for 17, to reach

a maximm at moderate mTint,Z values éfd low mTéxt,z values, the maxi-
mum being followed by a.falling off of ‘s at higher mTint,Z values.
For example, the wTéxt,z = 1.78 secondary curve of the p_group reaches
a maximm of 0.82 at about an mTint,z value of 3 while 1, values at
higher and lower w“int,z values are lower. This characteristic of the

secondary curves (attaimment of a maximm) is more pronounced in the case
of the B = 0.75 groups, as is evident upon comparison of the figure
8(d) and figure 8(a) secondary curves. No satisfactory explanation of
this phenomenon is availgble.

Finally, it should be noted that the successive comblnations of
Jas, Bi,, OTynt, 2 and (fixed) OText, 2 for the secondary amplitude

curves lie along a diagonal of table IX running from the lower right to
upper left, the case mumbers changing appropriately.

Other ways in which these results may be used are now considered.
The successive teble IX modulus combinations that are encountered during
excursions parallel to the two principal diagonal directions and 1n a
vertical (colummar) direction have been previously discussed. Such ex-
cursions - with appropriate case munber changes - were found to yleld
increasing frequency (or p, Cps 0Py ®Cp, OT mpgp) data, thermal con-

ductivity data, and heat-transfer data for ascending-to-the-upper-right
diagonal excursions, descending-to-the-lower-right diagonal excursions, and
top-to-bottom colummar excursions, respectively. These are exemplified
within table IX by the sets of entries identified in the footnotes. It
should now be noted that dJap, 1is independent of 1, and a consideration

of the changes of WTyng 2 and. Wlext, 2 along a row of teble IX leads to
the conclusion that, at a fixed Ja, value in the correct sequence of
case numbers, successive increases of r, by factors of 101/4 cause
changes of those moduli and of Bi, corresponding to successive entries
in any row (proceeding toward the right). At each step, @Tyng,z  in-
creases by 101/2, ““Ext,z increases by 101/4, and Bip increases by
101/4. As an example (teble XI), T, for B = 0.90, kp/kj = 40,

OTyng,p = 0.1, WTeyg,2 = 100, and Ja, = 0.004746 is 0.022456, vhile T,
for the same B, kp/ky, and dJap but for wtypg p = 0.3162 and

Gﬂéxt,z = 178 i1is 0.017124. The respective Blot numbers are 0.0045045

and 0.0080103.
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Extension of Calculations to Lower and Higher Frequencies

If desired, the approximate treatment presented in appendix D may
be used to extend the plots of figures 8 and 9 to low values of Wyt

The calculations of this kind made to date are considered insufficient
to warrant inclusion in the present report.

At very high wty,; values, the core is virtually decoupled, so

that the so-called "exact" hollow-shell theory of appendix F is appli-
cable. While that theory is not actually exact in this case, the errors
would be small.

NUMER ICAL EXAMPILES AND DISCUSSION
General Considerations

Two kinds of "numerical examples" will be presented in this section.
First, numerical values of amplitude and phase shift at isolated pairs
of w“int,z and. m“éxt,z values are given in table XTI for certaln sets

of cylinders having a common ocuter radius. The cylinders considered are:
A homogeneous metallic wire (B = 0), laminated cylinders (B = 0.90) for
ko/ky = 5, and 40, and an oxide cylinder (8 = 1.00). In the case of the

oxide cylinder, the thermal conductivity is also assumed to be either
one-fifth or one-fortieth of the conductivity of the metallic homogeneous
cylinders. The same metal 1s assumed to be used in both the homogeneous
and leminated cylinders. Second, numerical results for large ranges of
wméxt,z are given for three hypothetical laminated wires of a specified

glze and exposed to a specified air flow.

Selected Sets of Generslized Results

The first set of results, already published in large part in ref-
erence 15, is exhibited as table XI which, for ease of reproduction, has
been split into two parts (with some overlapping). It is emphasized that
these excerpted sets constitute merely a small portion of the results
presented in table X. In the first part, the values of the parameters
k2/k1, OTint, 25 dJag, ATy, ATy, AoTy, end aory are given. The latter
Pour parameters apply, as a group, only in the laminated-cylinder situa-
tion, and then only for B = 0.90. In the homogenecus-metallic-cylinder
situation, no second material is present, so that a; has no meaning

(since r, = 0); in that case, only apry, has significance. In the

zero-thickness shell case, that is, the situation involving the surface
temperature amplitude and phase when a surface-coated oxide cylinder
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replaces the metallic cylinder, the applicable parameter is ary. In
effect, the T,y product for the (entire) metallic cylinder has been
replaced by the wTint product of the oxide cylinder.

In any given row of the table, the following may be considered fo
be fixed: 1y, ®, hp, and the ratio of metal to oxide (if any) thermal

conductivity. From row to row r,, ®, and hp are of course free to

change in any manner as long as the resulting nondimensional parameters
have the values listed.

The significant facts brought out In table XI are the following:

(1) For small and moderately large values of WTint at large WText

values, the exact and "first-order" solutions for the homogeneous-
cylinder situstion are nearly identical, so that, for such WTint = Wlaxt

combinations, it is sufficiently accurate to compare the laminated-
cylinder or thin-layer coated oxide-cylinder solutions with first-order
solutions.

(2) B = 0.90 amplitudes and phase shifts are distinctly imferior to
those of the B =1 (thin—layer) oxide cylinders. Vhereas all-oxide
cylinders are capable of indefinitely large gaimns, B = 0.90 cylinders are
inherently incapable of gains greater than abaut 5. For example, in the
last line of table XI the amplitude gain in going from a metallic cylin-
der to & B = 0.90 cylinder of kp/k; = 40 is 3.8+, whereas the gain

for the B =1 case 18 9.6+.

That this limitation must be present follows from the consideration
that the ratio of metellic cross section to total cross section (in the
2 2
Tpb -~ Ta 2

case of the B=0.90 laminated structure) is just ——— = 1-p~=0.19.

r

b
The first-order response of a hypothetical hollow metallic shell of the
same dimensions would thus be 5.23 times as great as the first-order re-
sponse of the original metallic cylinder (or, for that matter, of the
laminated cylinder when P1%p,1 = pch,z). Since the response of the

leminated cylinder is never quite as good as that of such a hollow shell,
a PB=0.90 structure cannot have a gain greater than about 5.

The exact expression for the amplitude at very large wrtoyy Values
may easily be deduced from the definitions of QR,b and @I’b:

@+ R = degly 4 my2) /2 (o /a2
a,z -+
(30)
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Using, for example, equation (ElS), it follows then that as Jas ap-
proaches zero,

20, [(R{) - pR!)? + (Im! - BIm;)Z:] 1/2

M2,M (1 - B2 (RE Im{)z)l/z (31)
A group of the factors on the right may be expressed as follows:
2lay  oheap
(1 - 8% 31 - 8%) gy
-, 221 - 82
= (“ﬂéxt’z,a_b)—l (32)

(This should be compared with equation (24).)

In equation (32), Text,z equals (rbpch’z)/ébf; this 1s, of course,

the external time constant of a homogeneous cylinder consisting entirely
of material 2 (or material 1 if P1Cp,1 = pch’z). The time constant of

a homogeneous cylinder consisting entirely of material 2 but of radius

T, would be (rapqu’z)/th. The external time constant of the shell

would be obtained by using the thermal capacity of the shell alone, and
this time constant is

Text,2,a-b = @ch,z(r% - rg)] [2rphe = [pch,zrb(l - Bz)]/th
Tt follows that '

1 [(R{; - BR!)? + (Im! - gmé)ﬂl/z

ﬁZ,M = mext,z,a-b, (R{)z + ﬁn.t')z)l/z (53)

It will be noted that PBR!/R! and BIm!/Im! will be rather small

when there is little heat exchange between core and shell - which will
be particularly true at high kz/kl ratios. Indeed, if (R% - BR&)-+ Ry
and TImy - PIm; - Imy, then the above relation reduces simply to
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= -1
Lim Mg = (OText 2 a-b) (34)

J -+ 0, — >
a2 ' X
which is what would be expected at high T, values

Values of the factor {[(Rt') -BR.)Z + (Imt')-BImé)?']/ (R-52+Im52)}1/ 2=t
are given in table XII and represent the extent to which core-shell
coupling persists in each case. Note, however, that the asymptotic con-
dition always represents an improvement over the simple-cylinder
situation.

Results faor Actual Situations and Discussion

The second "numerical example" concerns three platinum - fused-quartz
wires of different size - specifically, 0.0004 (wire A), 0.002 (wire B),
and 0.010 (wire C) inch in diameter. The 0.0004-inch-diameter wire is
typical of hot-wire anemometry; no significantly smaller drawn wire is
commercially available. A somewhat smaller etched tungsten or Wollaston-
process noble-metal wire is, however, available. The numerical example
given here may be used to determine the advantage (if any) of a larger
laminated wire over homogeneous wires of this (0.0004 in.) diameter or
smaller. The largest wire (0.010 in. diam) is representative of most
thermocouples used, for example, in jet engine studies. Wire B (inter-
mediate size, 0.002 in.) was selected as a compromise wire for compari-

son purposes.

The thermal conductivities of platinum and fused quartz vary in such
a manner with temperature that a temperasture can be found (in the vicinity
of 350° C) at which the ratio ko/k; 1s precisely 40. It is not, how-

ever, necessary that this exact temperature be known, since the response
of a hypothetical laminated structure of these materials does not vary
radically with slight departures of the ratio from an assumed nominal
number (such as 40). Accordingly, it is assumed that each of the lami-
nated wires A, B, and C consists of a core of fused quartz covered by a
concentric shell of platinum, the value of $ being 0.90 (thickness

0.1 rb). At the operating temperature, the volumetric specific heat PCp

of each material will be about 0.60 cal cm™2 °C~1, and the thermal dif-
fusivity of platimum may be taken as 0.29 cm® sec™l at the operating
temperature with little error (0.293 was actually used in the original
calculations).

Air-flow conditions are assumed to be the following: Mach number,
0.5; static pressure, 1 atmosphere; total temperature, 500° R.
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Orthogonal incidence is assumed.

33

Calculation of Toxt is facilitated

by the use of a nomograph (fig. 17 of ref. 16) for the calculation of
The nomograph is most easily used in this instance
by obtaining the time constant of a wire of a particular diasmeter and
then using the fact that the time constant varies as the 1.5 power of the

such time constants.

diameter when all other variables remain fixed.

constant of 0.040 second is obtained for a 0.006-inch-diameter wire.
follows that

Téxt

following list:

From the nomograph, a

It

for wire-A 1s 688 microseconds, for wire B is 7.70

milliseconds, end for wire C is 86.1 milliseconds.
constant of a platinum 0.0002-inch wire, used later in comparisons, is
243 microseconds under the assumed conditions.)

(The external time

The several time constants and Biot numbers are exhibited in the

External

Wire |Size, External Internal [External Biot External-
in. |time cut-off time cut-off number, | internsl
constant, [frequency | constant, [frequency Bi, time con-

Text,2, [where Ynt.p? B€C Where stant ratio,

sec  |®Text,2=Ls ’ ©Cint,2 = 1 Text,2/Tint,2

cps cps (2)

- |o.0002| 243x10°6{ 655 = |-cmccmcemoo| cccmmomee [eomeeeee ——-
A .0004 GBBXIO"G 231.3 0.097B><10'6 1,627,000 |0.000640 7030
B .0020 [7.70%x1073 | 20.67 2.444x10‘6 65,100 .00143 3150
C .010 [86.1x10"3 1.848 Gl.lxlO'6 2,605 .00320 1409

8% ot/ it = 1/0.222 Bi.

The frequencies corresponding to the @Tint, 2 values 0.01, 0.0316228,
O 1, etc., are then easily calculated.

follcwing table:

The frequencles are given in the
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‘”rint 2 Wire A, 0.0004 in. |Wire B, 0.0020 in. Wire C, 0.010 in.
J
r .

(app ox.) External |Frequency,| @T_. Frequency, OToxt Frequency,
time cps cps cps
constant,

Olext
0.01 70.¢ 16,270 31.49 651 14.09 26,05
.0316 222.6 51,460 99.7 2,059 44.6 82.4
.1 704 162,700| 314.9 6,510 140.9 260.5
.316 2226 514,600{ 997 20,580 446 824

1 7040 1,627,000 (3149 65,100 1,409 2,605

3.16 ———— | e 9970 205,900 4,460 8,240

10 ———— | mmmmme—- —— | eemee—- 14,090 |26,050

Frequencies at which wire respomse is less than about 0.0003 are not
given, since these lack practical significance.

The curves of figure 11 exhibit the variation with frequency of the
response of the three kinds of wires, namely, laminated cylinders of
dismeters A, B, and C; homogeneous metallic (pletinum) cylinders of the
same respective diameters; and fused-quartz cylinders of the same respec-
tive diameters having infinitesimal surface metallic layers.

The homogeneous-cylinder results are not exact, but are "first
order"; these are not seriously in error at any oTij,y - WT.yy Value

combination for which these results have been computed.

The oxide-surface results are teken from unpublished computations
made at the Lewis laboratory which are known to be correct to five sig-

nificant figures.

The construction of these curves is of some interest: The Bilot
number of wire B corresponds closely with one of the values of the origi-
nal computations. Therefore, in the case of the laminated wire B, it
was necessary merely to slide the (translucent) sheet of graph paper
(fig. 11) over the proper original set of amplitude curves (fig. 8) and
g0 to line up the two sheets that the vertical lines representing fre-
quencies of the abscissa scale of the figure 11 sheet fell on top of the
corresponding " wTj ¢ Values of the original curves and that the amplitude

scales were alined.

In the case of the oxide-surface amplitudes of wire B, computed
points were available which also correspond closely to the Biot number
of that wire. The first-order points were of course obtained in an

o1-1/2
elementary fashion from the function |1 + (wrext) .
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In the case of wires A and C, interpolation procedures were required
vhich are described in appendix G.

The several curves of figure 11 are of interest from a number of
viewpoints. For example, it would not ordinarily be thought feasible to
use a 0.0l wire at frequencies as high as 10,000 cps, yet the relative
response of the 0.0l-inch-laminated cylinder for the case B =1 1is
about 0.0035 - small, but well within compensable limits (that is, the
signal-to-noise ratio will in general be usably high). While a "surface"
layer is very nearly realizsble in the case of .a 0.0L wire, the 8 = 0.90
and 0.75 curves clearly indicate the penalty involved if the layer rela-
tive thickness is for some reason permitted to be substantial.

A comparison of the response of the 0.0002-inch-conventional wire,
the response of the 0.0004-inch-laminated cylinder for a B of 0.90, and
the response of the 0.002-inch-surface-coated-oxide cylinder (B = 1)
reveals that these responses are roughly the same in the vieinity of 700
kilocycles per second. The 700-kilocycle-per-second region is of special
interest in the case of these particular response curves for two reasons:
First, at frequencies greater than 700 kilocycles per second these re-
sponses drop below the level (0.001) at which the noise-to-signal ratio
is often high enough to cause prohibitive difficulties in the evaluation
of output waveforms; and second, it 1s currently considered desirable to

extend hot-wire response to the 106 cps ares in supersonic work. It

therefore follows that the goal of 105 cps useful response can be ap-
proached by using an extremely thin coating on "wires" of sizes greater
than 0.001 inch.

Ribbons of 0.00006-inch thickness have actually been rolled from
platinum-rhodium and platinum-iridiuwm wires of about 0.00044-inch diame-
ter by a manufacturer specializing in fine-wire drawing. These ribbons,
when wound in the form of an open helix on a 0.002-inch core (for
example), yield a B value of about 0.94, so that the actual response
realized by using such ribbons will be intermediate between those of the
B =0.90 and B = 1. situations. A ribbon thickness of 0.00006 inch
does not represent the lower limit attainable by the use of known wire-
flattening techniques, so that further improvement is still possible in
that direction.

It is pertinent here to remark that as hy » O or o —+e, the sur-

face response of a cylinder approaches (and, in fact, becomes for all
practical purposes at moderate frequencies in the case of an oxide
cylinder) the parsmeter Ja itself (which is, of course, Independent of
rb). That this is true is easily shown: First, it is clear that as

Ja approaches zero, the surface amplitude is given by the following:




36 NACA TN 3514

(berg’b + beig’b)l/z Ja

2 2 \1/2
(berg?, + veit?) /

To,M —
Ja =+ 0O

Second, it should be noted (ref. 17, pp. 333;335, e.g.) that both
(ber%’b + beig,b)llz and (berb?b +'beié?b)l/z approach the same func-

tion ex/“/g/(Zﬁx)l/z as . approaches « . The above expression for
) therefore, does approach dJa. The corresponding asymptotic phase

angle is 459, which is obtained in a similar manner by noting that as
the argument increases

berg(x) = A2 (bery(x) - beiy(x))
and
beié(x) *‘Jéz (bero(x) + beio(x))O

It is very interesting, in this connection, that the corresponding
asymptotic relations for the slab are identical, as, of course, they must
be of necessity. (They are not derived here, but may be easily obtained
from, e.g., material in ref. 11 or egs. (6a) or (6b) of ref. 10.) An
inspection of the three surface curves will indicate that to the right
of the point of departure of each surface curve from the corresponding
first-order response curve each surface "curve' becomes a stralght line.
The ordinates of all points lying along each such straight line can be
rather accurately established by using the simple relation given above
(nb,M = Ja) provided the Jakob number is computed for the oxide (that 1is,

by using the thermal conductivity of the oxide: dJaj = ./kz/kl Jaz).

The ratio of surface (B = 1) response to first-order response in-
creases indefinitely with frequency. Inasmuch as the surface response
falls off at the rate of 3 decibels per octave (that 1s, by a factor of
N/Z/z for each doubling of frequency), whereas the first-order response
falls off at 6 decibels per octave, the relative gain of the oxide sur-
face hybrid "wire" increases at the rate of 3 decibels per octave. The
actual ratio depends upon the numerical values of the parameters of a
particular situation in the following manner:

Asymptotic surface response
Asymptotic first-order response

= (Jal)(mtéxt’z)
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4

This response ratio may also be expressed as

e (222 s (s}

klplcp,l klplcp, 2

It should be noted that the asymptotic. surface responses of these
wires of different size are different because the respective heat-transfer
coefficients are different. In particular, inasmuch as Ja; varies di-

rectly with hp, and hp wvaries with a power of wire diameter lying be-

tween -0.5 and -0.2 for the Reynolds mumber (based on wire diameter)
regime in question (O to ebout 5000), the surface response will increase
with decreasing wire diameter. All other variables are assumed fixed.

It is felt that comparisons of this kind, based as they are on some fixed
air flow, are much more meaningful than comparisons which would involve
an assumption of constancy of hp. In general, then, even if a zero-

thickness metallic lsyer is assumed approachable at &ll wire sizes, it
still is desirable to minimize wire dilameter from the frequency-response
standpoint. This conclusion holds, of course, for coatings not approach-
ing zero in relative thickness - for example, whenever an actual ribbon
of fixed thickness is available. The same 0.00006-inch ribbon, when
combined with a core of 0.00188-inch diameter, will yield a B ratio of
0.94 at an over-all diameter of 0.002 inch; when combined with a core of
0.00028~-inch diameter, the 0.00006-inch ribbon will yield a B ratio of
0.70 at an over-all diameter of 0.0004 inch. (Incidentally, the ribbon
will be much more difficult to wind at the 0.0004-in. size, but the
winding can be effected if the ribbon is electrically heated during the
winding process. ) .

Under such conditions, the response of the 0.002-inch-leminated wire
(at & B of 0.94) will be markedly inferior to that of the 0.0004-inch-
laminated wire (at & B of 0.70) up to frequencies of the order of 100
kilocycles per second. At this frequency, however, the response ratio
has dropped to about two-to-one (~0.003 as compared with ~0.0015). At
sti11 higher frequencles, there is little difference between their re-
sponses, so that for work involving frequencies above 100 kilocycles per
second, the much stronger 0.002-inch (or possibly 0.0015 in.) wire might
well be employed.

The homogeneous (metallic) cylinder points, although calculated,
were not plotted because, in general, they are not significently less
than the corresponding first-order points on log-log plots covering the
wire sizes and frequencies of present interest in thermocouple or hot-
wire anemometer research. As a typical example, the first-order and
"exact" (homogeneous-cylinder~of-finite-conductivity) amplitudes, at a
frequency of 65,100 cps for the 0.002-inch wire, are 0.000317 and
0.000316, respectively.
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CONCLUSIONS AND SUMMARY OF RESULTS

This report is chiefly concerned with the responses of infinitely
long, circular cylinders to sinusoidal changes of enviromnmental effective
temperature. Both homogeneous cylinders and laminated structures are
considered. Local and mean instantaneous relative temperature amplitudes
and phases are determined and presented. The analytical and numerical
results are applicable to situations in which the heat-transfer coeffi-
clent alone is changing provided the changes are small and to situations
in which both temperature and small heat-transfer coefficient changes are
occurring simultanecusly.

2922

Analytical and numerical results concerning homogeneous cylinders,
as previously given in the literature, are extended and organized on the
basis of two time constants. In particular, a relation ylelding the
space-mean value of the instantaneous temperature of a homogeneous cyl- .
inder haes been obtained. The two time constants are the conventional
time constant, herein designated the "external" time constant, of a hot-
wire anemometer or thermocouple, and a so-called "internal" time constant. .
The latter is the time required for the mean cylinder temperature to

change by 1 - el of the total change after a sudden change of cylinder
surface temperature to some new value.

Interrelations among these time constants, certaln additional pa-
rameters now in use, and the parameters used in earlier work are glven.

The conclusion is reached that the deviation of the behavior of

ordinaery (metallic) wires from that usually assumed in conventional
("first-order") analyses is negligible for most engineering purposes.

The behavior of a homogeneous cylinder of low-thermal conductivity
covered by an electrically sensitive layer of negligible thickness is
considered. Tt is concluded that the response, in the sense of ratio of
temperature oscillation amplitude within the very thin surface layer to
external temperature oscillation amplitude, is better than that of a
homogeneous metallic cylinder by a factor which i1s of the order of ten
under many conditions, but which may be substantially higher.

_A treatment of the general case of the two-material laminated cyl-
inder (finite shell thickness) is then given. The analytical solution
is obtained and is used primarily to check extensive generalized numeri-
cal results obtained by the method of nmumerical integration.

The behavior of laminated cylinders consisting of a core of low- a
thermal conductivity and a surrounding concentric shell of electrically
sensitive material in perfect thermal contact with the core is investi-
geted mmerically sud presented graphically for all combinations of
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the following variables: ratio of thermal conductivity of shell to that
of core: 5, 10, 20, 40, and 80; ratio of shell thickness to over-all
radius: O. 75 and O 90; 19 different values of the nondimensional heat-
transfer coefficient (designated the Jakob number), product of angular
frequency and internsl time constant: 0.10, 0.316228, 1.0, 3.16228,

and 10.0.

Typical response gains for a relative shell thickness of 0.1 (of
over-all radius) are of the order of 4.5; these gains are not generally
manifested until the response of the laminated cylinder drops below the
0.0l level. Galns for the 0.25 shell thickness situation are markedly
lower; response is critically dependent on shell thickness. In general,
significant improvement in response ls affected by a change from a shell
relative thickness of 0.1 to 0.0S5.

Dependency of laminated-cylinder response upon the ratio of shell
thermal conductivity to core thermal conductivity is strong but not
critical. While the larger gains are not achieved until conductivity
ratios of the order of 15 are reached, the improvement beyond that ratio
is significant but not substantial. In general, a conductivity ratio of
at least 20 will ensure gains of the order of those cited above.

The responses of 0.0004-, 0.002-, and 0.010-inch-diameter homogeneous
and laminated wires of platinum and/br fused quartz exposed to a typical
alr stream are considered in some detail.

It is concluded that while conventlonal amplifying equipment by no
means exhausts the intelligence-conveying capabilities of ordinary wires
(particularly those of less than 0.0004-inch dismeter), the use of lami-
nated structures should make possible 670,000 cps response at wire sizes
of the order of 0.002 inch and 10,000 cps response at wire sizes of the
order of 0.01 inch. In particular, responses of these wires at the
respective mentioned frequencies are about 0.00l, which is, roughly, the
limit of compensable response.

In general, it is concluded that development of laminated structures
characterized by very thin reletive shell thicknesses and moderately
large ratios of shell thermal conductivity to core conductivity will
improve the frequency-response capabilities of hot-wire anemometers and
exposed-wire resistance thermometers and thermocouples by about an order
of magnitude.

Finally, a simple, approximate theory of the laminated structure is
given which assumes that the shell temperature is uniform, and the exact
theory of the hollow shell which the laminated structure closely approeches
at high frequencles is given.

Lewis Flight Propulsion Leboratory
National Advisory Committee for Aeronautics
Cleveland, Ohio, May 25, 1955
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APPENDIX A

SYMBOLS

The following symbols are used in this report:

Fo
Fol

FOz

2
%o
(‘_Iz j vhen assumption is mede that pjc; 5 = ppcy 2,
2f=ﬁ
@ Ey

thermal diffusivity of cylinder material (a{ , has special
meaning kl/pch’z) ?

3B coefficient of series of eq. (4)

Biot number, hfrb/k (note: k in this case must be conductivity
of cylinder msterial)

Bessel-Kelvin functions of order p defined by relation
J'p(xi3 2) = berp(x) + i beip(x) (Note: The notation
berp,a,s berp(ra), etc., is occasionally used)

initially undetermined complex constant, see appendix B

dimensionless constants, see eq. (C12)

specific heat &t constant pressure
temperature coefficient of resistivity

imaginary part of Bessel function of second kind of zero order
of argument x13/2

real part of Bessel function of second kind of zero order of
argument x13/2

Fourier number, a?/&m%

a{/mr% (note Foy » has special meening a{,z/ér%)

az/arf

2922
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2nFo; equivalent to aty/R® of Gréber's notation

imaginary part of Jb(xi3/2); equivalent to beiy in this
report

real part of Jo(xiS/?)g equivalent to ber, in this report

ratio of heat-trensfer coefficient hpy +to thermal conductivity
kl or kz

heat-transfer coefficient
J?(xi)

real coefficient of 1 in imaginary pert of particular complex
function

N1

Begsel function of order p of first kind

Jakob number, he/(wkpeyp) 1/2

he/(wkypycp, 1) 1/2

he/ (e, 2) 2

A/EE Ja; equivalent to hzato of Grober's notation

thermal conductivity

~(%/2)(yery + beiy) and (n/2) (betq - yeiy), respectively
CLlI'

(Iplr a -

T

G,ZI'

@aTq,
@2y
3B root of Jo(mz) = 0
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Nup Nusselt number, Zrbhf/kf

P number whose real part is positive and great enough to ensure
convergence of a transform integral (see appendix B)

o] p/a* where p 1s used in sense of appendix B

R real part of particular complex function

T radial coordinate

8 constant (in statement of Inversion Theorem of Laplace Transfor-

mation) which replaces p in appendix B

T temperature

t varigble part of temperature

x,x¥ arbitrary varisbles

YP Bessel function of order p of second kind; see appendix C
er.

g;eii, real and imsginary parts, respectively, of Yp(xis/z)

Z arbitrary complex independent varisable; (see appendix G for

special meaning)
o Nof=¥
To/Ty

(kz/kl)(af/a;)l/z; jdentical with TI'* when P1%p,1 = P2%p,2

r* (kp/k7) 1z

Lav B o}

T Euler's constant, 0.5772 . . .
€ phase angle

2 1/2
: (v, + 1a3) /

(R; - pR)Z + (Im) - pIm)®

2922
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ext

Text,1
Text,2
Text,2,a-b

Tint

43

varying part of local instantaneous temperature relative to
half-amplitude of varying part of effective environmental
instanteneous temperature, t/te,M

time

constant defined by eq. (8) but taken as 0.111 in this report

attenuation, db

2 1/2
(1-8°) /21?01,2
density
time constant
period required for cylinder to attain 1-e™T of the final
change of temperature when the envirommental temperature
is suddenly changed; identical with comventional time con-

stant of thermocouple pyrometry; see eq. (3) for case of
hot-wire anemometer

-

(wrppyep 1) /2he
(wrbpch’z)/th
[aryopep 2(1-8%)]/2he

period for area-averaged cylinder temperature to change by
l-e-1 of the final change when surface temperature is
suddenly altered

mkrg/di
oo
beiy + Ja~l bei]
bery + Ja~t berg

phase shift (lag)

initially undetermined fumction of radial coordinate satis-
fying Bessel eq. for region indicated by subscript
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w angular frequency, 2nx times frequency
Subscripts:
a interface
av temporal mean
ax axial
a-b region included between interface and outer surface
b outer surface
C in-phase component
e effective
ext external
f film; see, however, symbols n* and he
I imaginary part or, with @, real function of bel, and bei(')
1 arbitrary integer
int internal
one of a series
M maximum
P order of Bessel function
R resl part or, with &, real function of bery and 'ber(')
S out-of -phase component
W wire
0] initial
1 oxide
2 metal
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Superscripts:

mean with respect to radius

* defined only as combined with symbol
~ Laplace transform
! differentiation with respect to ar
CYLINDER HEAT-TRANSFER NONDIMENSIONAT, MODULI
T T. wT.
Bi = JaFo0-5 = 28%b_ XM Ting _ OTng _ (ary) T2
k 2k 2Ty 2N
2n,-2 _ 8% k -2 1 A
Fo = Ja®Bi™ = = = (ar:.) =
Y4 2 b = 2BiwT .
wry - epepTy ext int
05 _ hf [BL (07 1) 02
Ja = BiFo™ ) = Newt__ ¥ 30.5
-0.5 0.5
ary, = Fo 05 = Biga~l = I\DA’%E_ = A[2BlTout = A (0Type)
ot B k a.)r%k a.skrb a)rbpco a.n'bpcp mint
= ¥
ext k,Nu Fo a*kau = 2a h, 2h, kau 2AB1
2 a2
A 2 cnxrbpcp WAy,
OTyng = Fo = MaTp)" = P o = DABleTyy
+
OFext _ 1 _ 4.50450
Fo¥ = 2x Fo
Ja¥® = A/Zn Ja
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APPENDIX B

HOMOGENEOUS-CYLINDER RELATTONS

Although Grober (ref. 10) obtained the correct relations for the
local temperature in a homogeneous cylinder, the validity of his deriva-
tion is at least open to question. The derivation given in reference 4
(Carslaw and Jaeger, p. 276) is therefore presented; this solution is
given herein in a more explicit form than in reference 4. The sinusoidal
temperature “drive" with phase advance & of that reference is retained.

The equation of heat flow may be written:

2
ot 1 ot 1 3t (B1)

"_az+i~'6?‘?£¥'<3_e"°
xr

When the Laplace transformation is gpplied, the result of which will
be indicated by a tilde (~) over a symbol, the equation becomes the fol-
Jowing if the initial temperature is everywhere zero:

2~ o~
dr, 1 _@2F.o (B2)

dIZrdr

where qz = p/a*, and it is understood that p 1is a nuiber whose real
part is positive and great enough to make the transform integrals

convergent.

The boundary condition becomes
at | v oo
<—5 + h t) r, = h't, (B3)

Now, if te':: te,Msin(a)Q + €), as 1s assumed by Carslaw and Jaeger,
then

~ w cos € + D tan s)
T =1 (B4)
e e,M( Pz + o

which is easily obtainable from the elementary transforms for sines and
cosgines, or from a table.

Since a solution of equation (B2) is
T = CIy(ar) (B5)
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where C 1s an undetermined constant and I; is the solution of the
zero order of the first kind of the modified Bessel equation, the follow-
ing may be obtained from equations (B3), (B4), and (B5S):

h t M w cos 6 + p in ¢
AR ( : > (26)

(Use was made of the fact that dt/dr = Cql;(ar).)

Tt follows that equations (BS) and (B6) that

(B7)

1 n* Te, Mol ar) w cos € + p sin i)

[qll(qrb) + BT (ary) ] p? + of

The Inversion Theorem of the Laplace Transformation states that
T+ie
t = -z—j];i- ese%(S)dS
Y-l
where s, in general complex, here replaces p in q and tv is an
erbitrary constant; q (now) is equal to ‘Vs/aﬁ.

The evaluation of this integral in terms of the residues of e89%(s),
insofar as the nontransient terms of the solution are concerned, is very
simple. The two zeros of the denominator at which the nontransient
realdues must be evaluated are 8 = iw and 8, = -iw, so that
8% + @@ = 0. If the theorem is used that a residue K5 equals the quo-
tient (at the pole Jj) of a nonzero numerator of a complex fraction and
the value of the derivative (here, 28) of the denominator (here, 82 + w?),
then, if K, 1s the residue corresponding to s;, the following is

obtained:
h*-t MIOK,\/_)(wcose+imsin e)

o B vl E ]

oH(ed + <) h*te,MIO( ’\IE ) (28)

* LB il B]

or
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The steady-state portion of the solution is then given by

2ni -
tao g (K +Kp) =K +Kp (B9)

where X, 1is the conjugate of Ky and is the residue at the pole s2.

The equivalents

a = ,\lﬁf’; . (B10) §
Ja~tl = -f];i-_-. X (B11)
Io(a.ril/z) = berg(ar) + i beig(ar) = Jo(aris/z) (B12)

Il(ocril/ 2y = 1-1J1(a.r13/2)
= -i[bery(ar) + ibeiy(ar)]

= beiq(ar) - iber;(ar) (B13)

are noted In which Ij is the solution of ,jth order of the first kind of
the modified Bessel equation.

Equation (B9) then becomes, putting 1= ar and Iy = ary,

i(a)G + g)
% bero(l) + ibeio(l) e

n=E 3
Te,M 21]:1172 Ja‘l(beil(lb) + 'berl(lb) + bero(zb) + i'beio(lb):l

+ conjugate of {} (B14)

In the conjugate of the expression {} , the expressions
berg(2) - ibeip(l) and bei;(1) + iber;(l) appear. They are, respec-

tively, equivalent to 10(113/2) and 11(113/2).

After a number of elementary operations, equation (Bl4) reduces to

Pt s eeZay]¥e

. " 1/2 sinl;)9+s-tan
&R+ T

|

1 r:>Ibero(1) - @R beio(z)
®r berg(l) + & beig(l)
(B1s)

in which the subscript "b" in & and 41_[ is understood.
R,b )
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This expression is equivalent to equation (9) of the main text; this will
be spparent when it is recalled that the temperature drive assumed in the
main text is tg y cos wd instead of b y sin (w8 +6).

The mean value of 1) (i.e. 3 'qj on an area-weighted basis is desired.
This is obtained by evaluating the following expression (obtained from
equation (B15):

ﬁa——f ( +<I’z {[‘i’ ba‘o(l) + & 'beio(l)] cos wb +

[qal berg(2) - &g beio(l)] sin m@} dr (B16)

2262

Use 1s made of the following:

¥y
f xberoxdx=ybeidy
0

CE-7

¥

= 1
. x beio Xxdx = -y berO v
0

Equation (B16) and the latter lead to

= 2
T = ———2 5 5 {[QR(lb)beié(lb) - 'i’I(Zb)'ber(‘)(Zb)] cos o +
L@ +2) ad

[@I(zb)beié (zb) +¢’R(Ib)ber6(1b)] sin w@}

Further manipulation of this expression leads to the desired
relation

& beri(3,) + & bell(1,)

1/2
7 e 2[ber1(1b) + bei]_(lb)] / cosles - tan-t r__Q_(_b)___3B__Q_(_b)_
1/2 n bei(') I'b - & beré Ib

3 (<I’ + &2 )
(B17)

2

. Note that ('ber?_ < + bei?_ X) = (berc') + bei(')z) .

This expression is identical with equation (15) in the text.
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APPERDIX C

LAMINATED-CYLINDER THEORY

It is possible to use the Laplace Transform approach in this case,
but since the transient terms were not desired, it was felt that any
gain in conclseness would be more than offset by the loss In directness
of the physical gpproach, that is, the inablility of the user of the
results to compare intermediate steps of the derivation with previously
obtained results and derivations. Further, the derivation of the steady-
state solution proves to be a relatively simple and straightforward matter
even when the classical technique is employed.

The heat-flow equations

oty %t 1 oty

Ee—=a?f(arz +F 57 (c1)
and

3ty P, 4 dty

39—”35( 2 +;ar) (c2)
. apply in the core and shell regions, respectively.

The following are the boundary conditions:

-<$_)b = h (tZ,b - te) (03)
oty ky (0t

). = (=), o)
(t1) g = (t2)4 (c5)

If t, is now assumed equal to te,M cos wd, t; and ty, will be
represented by the real parts of the solutions (with undetermined complex
coefficients)

ine

by = e (Cq,1 ¥1,1 * Cp,2 Va,2) (ce)

100
tp = &% (Cy q ¥p 1 + Cp,2 ¥2,2) (c7)
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where Wi,l is the complex solution of the zero order of the first kind
of the modified Bessel's equation

d‘h 1 Q¥ 2
2+rdr -loy ¥y =0 (c8)

for the 1th region, and 11:1 o 1s the solution of zero order of the second
kind of the same equation.

Only the reduction of 1, +to its final form will be followed in
some detall, since the steps required for <+, will then be obvious.

The real part of t5; 1s given by the expression
= _21. ({eme [cz l(bero(l*) + 1 beio(z’)) +C, 2(FR(z*) + ﬂI(z*))]}
b4 g 2
conjugate of {}) (co)

Z*Ea.ar

in which

bero(1¥) + 1bei(1%) = ¥, ; = JOQ1*13/ 2)
and
FR(¥) +1F(3%) = ¥ 5
usually taken as kero(z*) + ikeio(l*) in this woz"k. Note that if the

definition given in reference 13 of 7he function of the second kind
(Y (z)) is adopted, then if =z = xi3/2, that is,

Y (xi3/ 2) = yerg(x) + iyeig(x), the following are true:
5t
kergx = - E(yerox + beigx)

kel x = g—(berox - yeigx)

The reference 13 definition of Yp(z) is
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p-1
- 2 1 -3 -1 2j~p
Tp(z) = ?E{(T + 1o %‘Ip(z) -z ;L; & gz M(%) +

w J+1f z\p+2J
1 (-1) 1(2) [l+i+ RS
P2 20: HEE)E 2 31
N
1 1 1 o))
L+z+ .. '+P+J-1+P+J]} (c10) ™

vhere 7 (Buler's number) = 0.5772157 + -« -
The expression CZ,l,R + iCz, 1,I is now substituted for the complex
quantity Cz,l’ CZ,Z,R + iCz’z’I for Cz,z, gnd cos wd + 1 sin wd <for

ei‘”e in equation (C9). The expression to which equation (C9) reduces 8
when these substitutions are made and the terms of the "Conjugate" are
expliclitly introduced is

T = [Cz,l,Rbero(l*) - Cz,l,;[beio(l*) + C‘a,z,RFR(I*) - CZ,Z,IFI(I*):] cos wo ~

* *
[Cz:l,lbero(l )+ Cpq mPeLo(1%) + O 5 FR(2%) + Cp o 2P (2 )] sin w8

(c1)
The new dimensionless constants
O3 =Cp 1 m/te,u
d = Cz,2,8/te,m (c12)
D = ~C2,1,1/be,M

Ez = -Cp 2 1/%e,uM

are now introduced, as well as the equivalences fy = ber; and £ = bei,.
The local relative temperature 1, = t,/t_ , then becomes
b4

N, = [Cng(l*) + G;FR(’L*) + D;fl(l*) + E;FI(Z*)] cos WO +

[D’ng(z*) + BFg(T¥) - 5239 - G’Z‘FI(I*)] sin ®@ (c13)
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This relation is formally identical to the relation obtalned as the solu-
tion of an electrical problem in reference 18.

Similarly, the relative tempersture within the core is found to be

n, = [C"{fR(I) T D’{fI(z)] cos wd + [D’{fR(z) - c’]‘_fI(z)] sin w6 (Cl4)

1 1

in vhich C¥ and D¥ are additional real, undetermined, dimensionless
constants and 1 = aqr. '

The constants C?_, C'E, . e ay G'g are then determined by using

equations (C3), (C4), (C5), (C13), and (Cl4) to obtain a set of six
simltaneous linear algebralc equations. The set of equations is the

followlng, noting that
a¥i\1/2
() (3)
K1/ \ez

W08, 2

and, for example,

1 { de]
fI(zea.) = d(cx,lri =1y

or

T T T T e T e e e e e ——————————— e e
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£1(35) CT+£7(35) Corep(l,) Dy-fp(1%) DaFp(1h) G5-FR(1h) =0
£(1,) C-1R(3}) (1) Di-£.(2) D ¥ (35) §r (%) £ = o
£2(1,) Crep (3%) ciora(3.) pherer(sh) Di-rri(r¥) G+TFL(1Y) B = 0
£1(2,) ORTE(EE) O5-13(1,) DITey(1%) DETy(1%) GHIEL(IE) B = o
- [3azer (3421 (0] G+ [Jasz(z{f)ﬁﬁ(z{f)] DY
- [JazFI(Z§)+Fi(‘L?;)] G’2‘+[Ja2FR(z;) +Fﬁ(l§)JEg =0
[Jasz(z’g) +£4( 1’;)] o+ [JaZfI( 1) +EH( z;)] Dy

+ [TaFr(15) PR (1Y) B+ [TagF L (30) 471 (3] B = Je
(c15)

Formally, this set of equations represented the solution of the
problem. In practice, the set was modified for computational purposes by
the elimination of G%; the fifth of equations (C5) was used for that
purpose. The values of the functions fj angd FJ, etc., were obtained

either from tabulated values (for arguments < 10), by use of the normal
series (for arguments ranging from 1 to 30), or by the use of the
asymptotic series (for arguments ranging from 7 to 85).

* The regulting set of five simultaneous equations was solved for
Ci» « - B> 1in each numerical case; a special program deck using the

Crout reduction technique was used for this purpose with the Card-
Progremmed Calculagtor of the Lewis lsboratory. The resulting values of
the constants were found to satisfy the set of equations to better than
seven significant figures in each case. Calculation of one set of con-
stants required gbout three minutes.

In practical work, the instentanecus mean shell tempersture and
relative phase are much more useful than a knowledge of the variation of
local relative temperature. An averaging process was accordingly carried
out as follows in the same manner as for the homogeneous cylinder (appen-
dix B): In equation (C13), To,c end 1z g ere defined as the bracketed

expressions multiplying cos w8 and sin wb, respectively. Thus

2922
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Tp,c = c £ (2*) + G F (1*) + DgfI(z*) + E;FI(Z*) (c1s)

and

Tog = Dpfp(1%) + BjF (1%) - e (3%) - air (1%) (c17)

Note that these relations are formally identical with certain of the
relations of reference 18.

Then, averaging may be carried out as indicated in the following
expression:

apTy

— 2

rlz = c‘JZ(I,Z - 1'2) f 1' (le’c cos wo -l" Tlé’s gin (1)9) (a,zr)d(a,zr)
2D a a

(cis)

If, now, the In-phase and out- of -phase components of instantaneous
mean relative shell temperature are designated nz ¢ -and nz g» respec-
tively, equation (C18) becomes

(c19)

12,8 s> 1/2

- _2
1, = (ﬂz,c + nz S) / cos (?9 tan 0
2,C

in which, noting B = ra/rb,

ﬁé,c = Zﬁfﬁ:gg;‘{ [}i(l ) - BfI(le] G%E?I(I*) - PFi (Iﬁi] A

Y - eega)] - Y - erga]

Mg, = r*b"('i-sz) {D’Eﬁi“ﬁ) - BEI)] + BFL(D) - eriap)] ¢

ox[Ea(rd) - pea(s)] + eEERD) - BFﬁ(lﬁ)]} )
(c20)

The mean relative temperature of the core is also given as a matter
of completeness, although is has no relevance in the present work:
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{Eﬁ%z) piea (1) -

cos

4[ 11 + deya) ]
u)-D £3(15)]

(c21)
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APPENDIX D

THEORY OF THERMAL RESPONSE OF COMBINATION OF CORE COF FINITE CONDUCTIVITY
AND OF THICK SHELIL HAVING INFINITELY GREAT CONDUCTIVITY
The approximate reletions derived in +this appendix were checked by
making a few calculations and comparing these results with those of the
exact theory. The two sets of results agreed generally to two or three
unlts at the third significant figure.

The following may be written immediately:

2 2 Oty oty
w(ry, - ra)pch’z S5 = Zmrakl(a—r—- ry + 2nrphe(te - t2) {D1)

where tg5, the metal shell temperature, is assumed constant in amplitude
and phase over the shell cross section.

The following mey also he wriltten:

. te = g,y coB @b (p2)
by =ty cos(wd - P,) (p3)
tl = tl,M COS((DG - (pl) (D4)

In equations (D3) and (D4), t3 y and 9, are independent of the
radlal coordinate, whereas tl,M and ¢ are functions of the radial
coordinate.

From equations (D2), (D3), and (D4) are obtained:

t
e =g S = cos wh (Ds)
e,M
f2 7 o.M
Mo = = —2— cos(wh - P,) = 17 cos(wd - 9,) (D8)
a te M be,M 2 2,M 2
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where
_tam
nz’M B Te M
)
t t
- 1 1,M
m =g = = cos{wf - ®) = 1M cos(wb - @)
e,M e,M
and
t t t
1,M 2,M 1,M
L - (onr) = o2
LME g,y Ty eilmM T u
where

£
W
—3
¥y el ) T

Further, we can write

g0 that, finally,

= Tp, ¥,y cOS(@0 -~ P, - #)

3514

(D7)

(D8)

(D9)

(DLO)

Note that ‘l’l,M and & are the amplitude and phase lag angles of

LYY with respect to Mo

When B =r_/r and equations (D5) to (D10) are used, equation (D1)

mey be transformed Into a nondimensional relation:

I‘% - I‘i atz atl
—7 °2%,2 35 = Tobelte - T2) - Taka\sr

a

2 d o
1- Nz by 1
LgPd osep e 5 = = (e - 2) - Frg| —
B R
r

(Dla)

(D1b)
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@ - 52) P2%p,2 ong _ he(ng - ng) 8 k1 ong

2 kl 6 Ty 'klpch’z - r_g pch’z a(_{)

I
b r
a

(D1c)

2 2
- —— sin(@d -9,) =

ai,2

hf COS(CDG) - TIZ,M COS((De - CPZH _ ﬁ &i,z _i]_];_ (Dld.)
2
wkypacy 2 e
Ve P,

.where

* —
al}Z = kl/pchyz

We may now write

*
-2
Foy o = aléz = (a7 o) (D11)
? or.
b
where
= m
L2 T Vel 2
and
Jal,z = _.__hi____ (Dlz)

V mklpch,z
and so obtain

np (L - 8%)
1/2
aroyz

sin(wé - @) =

Continued on next page.
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60
1/2 | om
BFO]_{Z - —Ja 2 cos(mB) - 2 M cos(wb - CPZZI (Dle)
of—
T
b T
Now
o = Ty oy
a(i‘_) (e x)
b
and since
p-C
17p,L1
Fo = 2
1,29 p
’ P2Cp 2

the following is finally obtained:
nz’M(l - %) sin(wd - ®,) e P1Cp,1 ony -I )
1/2 ‘\’ PocCy o 8(a1r)J
ZFOl,Z D, ra

Jay o [cos(a)e) LV cos(wf - CPZ)] {DLf)

Now, it has been shown by Carslew and Jaeger, pages 273 to 274, for
example, that the steady-state response of a homogeneous cylinder (in
this case, core) to a cosinusoidal surface temperature drive 1s given by

1/2
berg(l) + beig(l) /

n, =1

1 2,M berg(la) + beig(la)

(beig(ly) berp(l) - berg(ly) berp(i))
(bero(la) bero(l) + 'beio(la) beio(l))

cos| wf - P5 - tan-

(Dp13)

in which 1 = owr and za =T this equation should be compared with

equation (D10) if explicit expressioms for Vj y and & are sought.
For convenlence, we write hereinafter ber, = bero(l) and

ber, = bero(‘l..a) . (Eq. (D13) is also easily deducible from the more

0,

2922
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generel expresslon Involving the heat-transfer coefficient by permitting
he to become infinitely large.) Note that the "drive" is in this in-

stance ng cos(wé - ®5).

Differentiation of the dbove expression is merely tedious; the re-
sult is:

2 12 \1/2
ony bery® + bely

X~ oy = N2,M
9(ayr) " \ver?  + beil
0,8 0,a

1 (beio,a ber) - berg o beip)

cos (w8 - @5 - tan (p14)

(berg o Deil + belg o beip)

The value of the derivative at rg; 1s then, obviously:

1/2

2
on;. - berh, + 'beib?a
Sagy| T e

2
Ty 'bero,a + beio,a

ol (beio,a bery o - berg o beib’a)
('berO’a berd o + bely o beib’a)

cos 036-(92-1:

(Dp152)
Note that

2
bery = % (ber; + beil)

end
2
beil = 32C (’beil - 'berl)

Ve write now

[B(alr] = Tz 1 do,a cos(wd - @5 - Fo,a) (D15b)
T

8
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where, by compa.risoh with equation (D15a) , the denotations of AO a and
J

Po,a will become clear. Note that the denotation of T 0,as used only

in this appendix, is not related in any way to the denotation of I or
I'* as used throughout the balance of this report.

From (D1f) and (D15b) the following may be obtained:

2
nz,u(1 - 8%) sin(wd - @) P1%,1 &
A < (b ERL Vg g B o800 - % - To, )| - R
opol/? P2Cp,2
1,2
Ja o [cos(cne) - Tla .y cos(m® - CPZ)J (Dl6a) .

or, 1f we write

and
p-C
1 1
B*E B p’
pz%)z

*
E sin(wf - ‘Pz) =B AO,a cos(w@ - o - rO,a) -

then

Joy o l:n;i'M cos{wd) - -cos(aae - cPz)] (D16b)

When the parenthetical expressions of equation (D16b) are expanded

E gin(wb) cos Po - & cos(wh) sin @3
= g* Ao,a(cos ®y cos Ty o - sin @ sin rO,a) cos(wd) +

p* Ao,a(sin ¢, cos rO,a. + cos ¢, sin rO,a) sin(wd) -

Jay 2 [n'z'];M cos(mB) - cos ¥p cos(wd) - sin 93 sin(a)eil
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The last expression 1s equivalent to the two equations

£ cos ¢, = B* {\o’a(sin ?, cos To,a + cos ®5 sin ro,a) + Jay p sin @

or
= p¥* A * A
E=8 0,a €08 FO,a tan 9, + B 0,a sin rO,a + Jal}z tan @,
(p17)
and
- & sin P5 = B* Ay ,(cos Pp cos Iy - sin @5 sin To,a) +
-1
Jal,z(cos P - le,M)
or
* *
£ tan Py = -p* Ay 5 cos Iy 5 + B* §y 5 8in Ty , tan % -
-1 s
Jay o *+ day 2 Mgy sec (p18)

From equation (D17)

E-B* sin T
<P2 = ten~1 Ao,a 0,8 (D19a)

*
Ja.l’2 + B AO,a cos Po,a

[(1 - 8%) P1%p 1
- B D, Ao,a sin PO,a

1
l-ZFO /2 pch:z
1 1,2

= tan

p-C
1p,1 A T
<Jal,2 + B pzc O,a cos O,a.

while from equation (D18)

-1 _(r_qa* *
Joy 5 Mgy 5eC 9p=(5-B" A,  sin Ty ) ten 0, +Ja; 5 +p" 4
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or
Jal o Bec ¢2
M = :
2,M * *
’ (8 - B £y qsinTq o) tan @, + Jag 5 + B A 5 cos T o
(D20a)
(3]
[
or &
oM™

Jale sec CPZ

2
1- P1%p,1 P1%p,1
-(—;-L/-)z—-s —Z—’—- Ao,a sin I‘o,a tan ® +Jal’2+B —= Ao,a cos T, g
12Fo’ P2%p,2 P2Cp,2
J

(D20b)

Note that ¢, and g, &ve functions of the four parameters Fol’z )

p -
Jal,z, B, and -F%-P—’E The number of parameters is In accordance with
17p,1
the fact that a general two-material leminated-cylinder enalysis requires
a specification of five Independent parameters; by specifying ks, (here

taken equal to infinity) we have reduced the number to four and greatly

p,C
simplified the analysis. If Bgzizz- is Purther limited to the value
unity, it is necessary to consider only three paresmeters, of which B
must take on only two or three values for design purposes. Thus, only
Fol’z and Jal,z need take on extensive ranges of values.

Explicit expressions for Ag o 8inTo . and A o cos T, &re
obtained as follows:

Since
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and
PO _ 4 -1 beio’a berb a - beroya bei(l) a
8 ber, . ber) _ + bel,  beil
O)‘ 0} ) 0,
Then .
1/2
A r ‘ber(')2 + be:].(')2 / %
0,a 810 19,4 = 2’ 2,
bero’a + beiO,a
beig,a berb’a - 'bero,a beib’a
(ber o be +Dbei. Tei!l )2+ (bei o Per} be bei! 2]1/2
0,8 0,2 °°0,a 0,a” °®Y0,a o,
1/2
12 12 1 - 1
_ ery a+beio, beio’ bero’ bero, beio,
2 2 1/2
very o +bely . [(berg, N +’be12 )(ber o+ el ﬂ /
' _ !
_ beioLa bero,a 'bero beio’ )
- 2 2
bero’a + beio,
Similarly,

bex'o’a 'berb”a + beio’a beibla

2 . 2
bero,a + beio’a

AO,ta. cos 1-‘O,a. =
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APPENDIX E

CARD-PROGRAMMED CALCULATOR OPERATIONS AND INTERRELATIONS AMONG EQUATIONS
USED FOR REDUCTION OF CPC INTEGRATIONS AND ANALYTICAL SOLUTION
Numerical Integrations

The exact analytical solution of the laminated-cylinder problem was
given in appendix C. It was shown there (egs. (C6) and (C7)) that

_ w8
B3 = e (Cq,1 ¥y,1 +Cy 2 ¥y 2) (E1)
where
2
A%y 1 by 2
+ = - i =0 c8

for the ith region, and Wi 1 and wi o 8re any two independent solu-
2 J

tions of the zero order in the i®® region. Equation (E1) is based upon
a temperature "drive" t = %oy 2% if 4, = t, y cos w6 1is essumed,
then only the real parts of t; and t, are of physical significance,
that is, are to be associated with te,M cos wo. '

The notation

Ry

]

Real part of (ci’l *1,1 + ci’2 *1,2) (52)

In; = Real coefficlent of imaginary part of (Ci,l Yi1 *Cy 2 *1,2)

is now employed. (Also, 1j = ayr is used.) It follows that equation
(C8) may be written (since V; may be replaced by any linear combina-
tion of independent solutions) as follows:

2
a“(Ry + i TImy) ! d(R; + 1 Imy)
2 1; ai

1 i

+ 1(R; + 1 Imy) = 0 (E£3)
ai

Equation (E3) is, .of course, equivalent to the pair of equations:

2922
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" accomplished. by computing (on the CPC) all values of berq, bely, ber

NACA TN 3514 ) . 687

d?Ri L aR, g < 0 A
a?  ti
( (E)
PImy y alm
@z i ay T
1 J

Basically, the IBM procedure followed was that of numerical inte-
gration of these simultaneous equations outward from the center of the
core to the outer surface, the change in material at the interface being
taken into account in the following way:

The boundary conditions at the interface are as stated In appendix
C (eqs. (C4) and (C5)). From those equations, it follows that the value
of R at r, 1in the oxide equals the R at- rg In the metal, and

similarly for Im. Further, it follows that

. (@5) _a (@)
dr 2,8 ko \dr 1,8
and similarly for the space derivatives of Im. Since R' is understood
throughout this study to be d.R/d {a«lzr) ; the following may be written:

R
G'J.Rz,a—a’lk‘le’a

It follows that

In other words, the sterting velues R} and Im; in the oxide at the
interface must be multiplied by the reciprocal of kz/k'l before contin-
uing the integration through the shell.

In practide, a substantial saving of time was achieved by avoilding
integration of the equations (E4) between center and interface; this was

O,
and beily at 1 = ayr  and using these values (modified as indicated)
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as starting values of the integration from interface to surface. In the
case of small-argument (1, < 10) velues, the functions are given in sev-

erel references at small intervals and to a large number of decimal
places, so that values interpolated among tabulated values are availdble
at the interface, WNevertheless, it was found more convenient to compute
smaell-argument values as well as large- a.rgument values; additional de-
talls are given herein.

It is to be noted that ﬂ,rl 2 is identica.'l_'!.y zero, since only the

2922

solution (Jo(aqri 3/2 )) of the first kinc‘[ may be used in region 1
((ay/ar) pog = 0)+ This is tantamdunt to putting kery r = kel, r = 0
for all r <r,. However, ’4’2,2 is in geheral not equal to zero. When

the surface is reached, the problem becomes that of matching the solution
elready obtalned to the assumed surface conditions in effect, determining
Cc 5y C » C , and C as In appendix C. The details are given in
1,r’ "1,2° 72,1 2,2

the second part of this appendix. -
The numerical integrations (from the interface outward through the

shell) were performed by extrapolating successive values of the third
derivatives of R and Im. The varidble of integration remained 115 1;

equations (B4) accordingly became, explicitly, within the shell, the fol-
lowing (the subscript 2 on R and Im is omitted):

dzR ld'R-I-AIm—'

=0
@2 T @
(ES)
2
dIm  1dmm
5z 1@ ~Mm=0
where A = (ccz/al)z; note (e.g.) that dIm/al = dIm/d (ayr), not
dIm/d (a,r).
From the first of these relations, the expression
R”'=-(%R"+AII}1+-;3Im) (E6)

is obtalned by differentiation, the prj.me convention for differentiation
has here been adopted.
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The subscript J will now be used to ildentify values at the ;)th
point of the numerical integration; the subscript j—%_ identifies values
at a point half way between J and - j+l.

Tt follows that

,3+(1/z) =R + lARS (E7)

where A denotes the change between J and J+l. However, it is true
that

1 Al
.-Z-ARB___—Z—RBIl (EB)

It follows from equations (E6), (E7), end (E8) that

2 LA NN A P L1 g
Bje(1/2) = 53 ‘(13 By viImy+g ImJ) 2 "( ;)N Mt ™) 2
(®9)
Similarly, the following ie true:
1. - Al .
1 J 1 M1
+(2/2) =(“‘—‘- 7 )Im (33 T 3) z (210)

A special set Of fixed~decimal-point wiring boards was used for
these (and other similar) calculations. The values of R = Eero(IB Ty’

n = E’eio(lﬂ ra’,_‘f\:' = [beTO(Z)]ra’ Im’ = EDeiO(Z)] I"a’ lg = 0Ty, &nd

2 -1
= (apfaq) = (kp/ky) =~ (for these calculations, since P1Cp,1 Vves
assumed equal to pye 2) were entered into storage units. - Ry and Imy
were then computed. (eqs. (85)). Equations (E9) and (ELO) were then used
to compute R + _Z_Az and. n +%‘-AZ. AR!/z = (Rg.+(A7,/2)) AZ/Z and
Ré&( Al /2) = Ry + AR’ /2 were computed in turn; corresponding relatlons
were used for Im'. .

The function values themselves were then estimated at 'the center of
the first half-interval by using AR/2 = (Rh.(ny/2)) &1/2 and

Rat(a1/2) = Rg + AR/2 end corresponding expressions for Im.
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After the first half-interval was reached, the procedure was modi-
fied slightly. If the value of the symbol precisely at the end of a
given interval is denoted by the symbol without a subscript, that at the
end of a half-intervel by the symbol with a "+" as a subscript, that at
the end of the preceding half-interveal by the symbol with a "-" as a sub-
script, and so forth, then the following indicate the arithmetic opera-
tions performed after the "a+" calculations were completed. Note that a
"++" indicates evaluation at the end of a full-interval.

ARz = (BY) B

2
l

R' + (&R'/2) + (AR'/2)+

AR/2 = (R}) %7'—

R, = R_+ (&R/2), + (AR/2)_
R}, = R! + AR!/2
R, =R, +4R/2

le
Corresponding relations were used for ~5 Tm}, and 80 forth.

In addition, the following relations were used:

R_}_+=-(-i§'—R_;_++AImH>
++

Tm!, = - {55 Im! —AR>
IR Ty T

Finelly, equations (E9) and (E10) were used to compute second derivatives
at the half-interval.

The series used for computations of most of the starting values were
the following:

| Y (-1)3a/2)
R(1) = bery(1) = =

0
[(zjx_)] z ‘ Continued on next page.

2922
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i ( (1/2)* -1] e/t .\ _a/2)* -1> (1/2)* +1] o
(40-39)2 (38-37)2 (36-35)2 (34-33)2

(E11)

-«

J
Im(1) = beiy(1) = ,j}::(:) (-1) (1/2)2
[(25+1)

,(1)2 K "G/t 3 amt +1} (1/2)* _1> (2/2)" +1] L
2 (41-40)2 (39-38)2 (37-36)2 (55-34)2

(E12)

43+2

; (-1)d(23) (3 /2)%d-L
R'(1) =ber6(l) = >
[z g

=_<1)3(;) [Q[ (1/2)* ,] (1/2)* +]} (1/2)* 9 (1/2)* +1]; ,.
2/ \2 (42.41%.40) J(40-30%.38) ] (38.37%-36) /(36.35%.34)

(E13)

izi% (-1)3(2341) (2/2) 43
[(z3+1) 7%

(2 /2t ] am* L\ am* )\ am* L. ..
Z, 2 2 { 2 2
(41-40°.39) (39.38°-37) (37-368°-35) 7 (35-34°.33)

(E14)

Im' (1) = beiy(1) =

Truncation errors were held to less than three units at the eighth
silgnificant figure by using more than za/z terms in each case, Specif-

lcally, 20 terms were used for 1.5918 < 1, < 25.318, and 40 terms for
25.318 < Za' It was later determined that the procedure had heen an un-
necessarily conservative one insofar as truncation errors were concerned.
Round-off errors, however, reduced accuracy at the higher arguments %o

such an extent that for arguments greater than 45 it became necessary to
use the well-known asymptotic series for these functions.
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In tsble XI]:[ the calculated values of Rg=bery(ly), Im, =beig(1,),
R} = ber}(ly), and Im} = bei}(l,) are listed as calculated for each of .
the 47 1, values. Low-argument values (less than 10) checked against

existing tables agreed with them to 8 figures. This order of accuracy,
however, was not maintained throughout; the function velues are believed
correct to 6 figures or more in all cases. The accuracy of the integra-
tions was enhanced by maintaining a nonzero initial digit in the abso-
lutely largest number presént at a given step. 'his was accomplished by
using a right or left shift of all numbers being carried, as required.

2922

Two or three different step sizes were used for certain large-
argument cases, both for check purposes and in an effort to reduce totsal
CPC time. As an example, Integrablons were performed for a particular
case using standard intervals (Al) of 0.16, 0.32, and 0.64. (In this
instence, these results were later discarded because the starting values

had been incorrectly computed.)

The following table exhibits the important results of the three in-
tegrations (which were, however, executed in the order 0.64, 0.32, and
0.18), including the first differences of the successive end-values of
the functions.

Run | Step By Tmy, B Ty,
number .
3 0.16 14,378,808 | -11,893,246 | 1,330,416 | 796,851
First A 418 542 176 -184
2 .32 14,379,226 | -11,893,788 | 1,330,592 | 796,667
i First A 1796 2122 694 -732
1 .64 14,381,022 | -11,895,910 1,331,286 | 795,935

Two facts are apparent: The errors Increase as the sqjua.i'e of the Inter-
val, and the residual errors of the 0.16 run are almost certainly smaller

than 1 in 105. In addition, such multiple runs served as very convenlent
checks on final results when the otherwise supernumerary run (s) was
(were) carried either to completion or essentlally to completion.

Cages 1 through 2l were checked for smoothness by visual inspection
of the R" and Im entries of the original CPC listing. Additional
tabulation and visual -inspection checks were used for cases 22 through
46. Case 47 was checked by using several step sizes. The results for
cases 48, 49, and 50 were obtalned solely by the use of the analytical
theory developed in appendix C.
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Reduction of Integration Resulis

Calculation of local and mean shell amplitudes and phase angles. - -
The following relatlons were used in the reduction of integration results
to actual local and mean relative temperature amplitudes and phase shifts
within the shell for cases 1 to 47; "floating" decimal-point wiring and
operations were used (ref. 14):

Mean relative shell temperature amplitude and phase angle; deriva-
tlves at r, are evaluated within the metal but with respect to

1 =ayr:

R RS [cmg - pmp)? + Comg - 12
tew oM g (1 - p?) \% (85 ¢, + 2% 1)1/2
(E15)
LR AR - BRY)
2 (Im! - BIm!)
_ I,b a
ten 9, = . , , (E16)
SP2T T, (R - BRY)
®r,p (Tm} - BImy)
where ' '
-1 9%
o= T g Rt R
-1 % .
@I,b = Jag &E Tmy, + Ty,

Iocel ("point") amplitude relative to mean amplitude, and local
phase angle (lag) relative to mean phase angle (lag) are, respectively

(b2 0/t 30 _ M2,
(B2, m/te, ) M2,M

il

_ (ct,z)z Z-b(l - Bz) [(R'E) _ BRé,)z + (Imi., _ Blmé)z]l/z )
= {= - 7
1. ‘(RZ + Imz)l/Z
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1+Er;£3_a_.%

Tmp - Tha (E18)
R Ry - PRy .

To ~ Tw - pIml

There are several ways of deriving the preceding equations. For ex-
ample, they were originally obtained by assuming ty = Cyp exp 1 (wO+5 ),
where the undetermined constants C and &* are independent of the var-
igble aor. This expression was then used with the surface boundary con-

dition to determine C and B&*.

‘ba.n(az - ch) =

This approach, although straightforward, sheds no light on the
interrelations among 2, and R, M2, and Im, berg (Zb) and Ry, n2,¢

and. Cl,l ‘Vl,l’ and so forth.

A more illuminating derivation is now given:

The heat-flow equation for the shell region is written in the form

— —— o ———

2
3 3 FS)
0z + = N2 N2 (E19)

Here, * = aor as usual.

The solution
= os wb + in @6 E20
M2 = Mz,¢ ©9% lz,g 820 @ (£20)
is assumed for (te/te,M) = cos mb.

Equations (E19) and (E20) lead to the following relations:

Fny ¢ 1 g g A
,____.’_ =0
w2 | 1F ot 3
> (B21)
2
g5 . 1 OMg,s

= =0
Sr2 | 1F ot | ze J

Equations (E21) cen be combined into a single equation provided a
new time-independent complex function {of aor) is defined:

*
2 = z,¢ ~ 12,9 (£22)

2922



vh=-lU uasn

23263

NACA TN 3514 75

When ﬂ; is used, equations (E21) become the single equation

g 1 dmp
*
51;2 + * 91F 1712 =0 (EZS)

This relation is, however, formally identical with, for example,
e%uation (c8), which 1s the modified Bessel's equation. It follows that
N5 = C¥p, and that appropriate real solutions of equations (E21) may be

obtained by properly combining real parts of conjugates of solutions of
the first and second kinds of the modified Bessel's equation; the minus
sign in equation (E22) should be noted. In other words, if leEEfR-Fif

for example, 1s one of a palr of independent solutions of the modified
Bessel's equation (as denoted by the subscript to the left of wz), then

one solution of equation (E23) is C 1¥yp = yn3 = C(fy - ify), where C
remains arbitrary. Another Independent solution is C 2*2 = zng =

C(FR - iFI). Since the constant € is arbitrary, additional solutions
mey be obtained by noting that 1 l¢2‘= ifg - f1, and that the conjugate
of i qyp 1is -fy - ifp = - (£ + ifgp), end so forth. In this manner,

it is possible to arrive at the following generel solution of equations
(E21)

I)

= CsR + C4Im

=]
V]
-
Q
l

(E24)
T]z’s = —Cslm + C4R

where 05 and 04 are arbitrary undetermined real constants. These

relations satlsfy the differential equation, are linearly independent,
automatically satisfy the interfacial boundary conditions because of the
menner in which R and Im were computed, and can be made to satisfy
the surface boundary conditions through selection of Cz and Cy. They

therefore fulfill all requirements.

The surface boundary condition is as given by equation (C3). This
msy by obvious manipulations be transformed into

oy ag _
- <§7—>b iy Ja2(n2,b - cos wb) (E25)
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If, now, relations (E24) are substituted into equation (E25), an
expression in cos w6 and sin w6 is obtained which yields the
equations

cs(iJaélns+Bb)+c4<% o5 T + ) - 1

Il
(@]

%2
(E28)

Il
o

C4(%Jaéllm%+1%> ‘C4<Z—2Ja§lRt'>+Rb>

(Note, again, that derivatives are taken with respect to 1 = alr.) The
expressions in parenthesis will, however, be recognized as R,b and

ii p+ Accordingly, equations (E26) may be written
J
C3 ¥g,p + C4 21,p -1 =0
(E27)
C3 ¥ - CLPpp =0
The solution of equations (E27) is
? o2 4 82
R}b R,b
(m28)
o - b
EE et
Rb © FI,b
Tt follows from the latter relations and equations (E24) that
pp Bt By B )
Moo~
’ t§Z + fj![
R,b ,b
> (B29)
.. 9 R-gpy Im
2,s 22 132

R,b ~  I,b J

2922
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-

Finally, the following relation is obtained by using equations (E20) and
(E29) :

g = g cos(wd - @,) (E30)
in which
| 1/2
)1/2 _ R® + Tm® % h

- (n2 2
o, = (M2, * 2,8 2 . a2
R,b + I)b

5 (E31)
%1_1 _%r,p
3
9, = tanl 128 = gen-l 7 LD
¢ pIm

The following observations may now be made:

(1) Equation (B15) (or eq. (9)) is merely a special case of (E30),
since, In the case of a homogeneous cylinder, R = bero and

Im = 'beio.

(2) In addition, the following may be written:

— ¥ * * * * * * *y _
nz,c = C7 fR(Z ) + G FR(z )+ D fI(Z ) + EJ FI(Z ) = C.R + C,Tm
(E32)
ok * * *y _ Ak LAY *\ -
Ny, = D fR(Z ) + E FR('L ) cy fI('L ) Gy FI('L ) CR - C.Im
It follows that
R=(22_ +32 (& . N, +3-- N &
R,b I,b’‘\"R,b '2,C I,b 2,8
(E33)

- (2 2 )
Im = @F p + 2%,p) (31,5 M2,¢c - ¥R,p T2,s)

or
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3

-

2 2 * * *
R= (g p +%1,p) B‘i’R,b c3 + @1y, D2) £(27) +
* *
(@R,b G"é + 81y, E3) FR('L ) +

(% 5 - 2 C3) £2(F) + (8, B - @pp G2) FI(I*ﬂ

, (s34)
Im = (22 4, +2% 1) [@I,b Cz -%R,p Dp) £R(17) +
(@1 % - %50 wp) FR(17) +
(21 4 Dz + % p dp) £1(3%) + @14 Ep +&p 3 Gp) FI(Z*il )

Since, at T%, By = berg g = £R(1lg) = fR(alra), these equations also
furnish relations among Ry, Img, fR(Zg) , and so forth. The sig-
nificance of relations (E34) 1is that, in actuallty, the right sides
of these relations are independent of Ja.

(3) Because of the nature of the derivation, equations (B31) are
valid for eny number of layers. If extension of the analysis to a
plurality of layers were desired, therefore, it would only be neces-
sary to continue the integration oubtward. through the succession of
layers to the surface.

The additional relations (E15), and so forth, required are now ob-
taingble as follows: .

rp
7= — 27r dr
2 2
n(ry - rg) -
a
*
11 &
R R,b
1/2 il
2 2 Tm
= 2 R + Tm cos |mB ____I.?b_ dl*
*2 2 2 2 ' é. . R
Iy (-89 Er,p * ¥, 1 B |
I,b @
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In the execution of this integration, the following is used:

y.
? xR(x) dx = y,Im'(yp) - yyIm'(y3)

1

y2 .

y, *mlx) &x = 7R (3p) + 1R (51)

The result of the integration 1s the following with obvious details
omitted:

Ty = T 4y cos(wd - ) (E35)

in which ﬁé " is given by equation (EL15) and is also equal to
2 .
-2 1/2 -
(nz ot Mg S) of equation (C19), and ¢ is given by equation (E16)
) J
end is also equal to tan™ (T, ,5/Ta,c) of equation (C19). In this case,
again, if B— 0, R' becomes bero, Im' becomes beié, and ﬁé M and

— 2
®, reduce to the expressions contained in equation (BLl7). Note, however,

that in this instance az/hl = 1 since the derlvatives beré and beié

would then be evaluated with respect to the outer material, that is,
with respect to the varisgble T rather than Ty and, further,

= aqry, would become If = apry.

The expressions (E17) and (E18) are then obtained in an obvious
manner by performing the indicated division and subtraction, using equa-
tions (E15), (E16), and (E31l). The point that 7y M/nz M end

tan(¢ - ¢2) are dependent only upon the physical structure (B, r Ty, and

properties) of the laminated cylinder and upon frequency and are inde-
pendent of the heat-transfer coefficient (i.e., Jas, provided the re-

maining physicel variables of Ja2 are constant), is of the greatest

importance. That fact follows directly from the discussions In the text
concerning wTint,l and wTint,Z’ and ensgbles calculation of the internal

distribution of temperature without reference to mass-flow conditions.
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APPENDIX F

HOLIOW-SHELL, THEORY
The differential equation of heat flow (e.g., eg. (Bl)) gpplies.
As usual, the subscript "a" means that the quantity in gquestion is to be
evaluated at the interface (in this instance, the interior surface); "b"
means that the quantity is to be evaluated at the outer surface.

The boundary conditions are:

(g%)b = Ja(cos w8 - 1p) (F1)

(’g_;'l>a =0 (Fz)

The expression (013) is valid in the present case; 1t 1is necessary
merely to evaluate the constants C¥, G¥, D¥, and E¥. This may be accom-
plished by using the right side of equation (C13) in equations (F1) and
(F2). The resulting pair of equations in cos w6 and sin w6 is then
split, as usual, into four relations.

Only the results are given. Certain auxillary parameters are first
defined (1 = ar, where o i1s characteristic of the shell material), and

1t should be noted that the denotations here assigned the quantities a,
b, c, d, g, m, n, and p are restricted to the present appendix.

a=d&Rp = bero(lp) + Ja~t berb(lb)
= - "1
b = @7 3, = beig(ly) + Ja™ beil(l,)
¢ = kero(lp) + Ja~t keré(lb)
_ 1
d = keig(ly) + Ja keib('l,b)

g = - berj(la) ?

n= - beic')(la)

(F3)

n = - ker$(ly)

P =E- keié(la) J
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The set of equations determining the constants is then the follow-
ing: .

aC¥ + bG¥ + cD¥ + dE¥ = 1
-bC* + aG¥ - @D%* + CE% = 0
(F4)
gC¥ + wl¥* 4 nD¥* + pE¥* = O
-uC* + gG% - pD¥* + nE¥ = O
The simplicity and symmetry of this set of equations are such that
1t seemed worthwhile to obtain the explicit solutions. These solutions
are the following:
The determinant A of the coefficients a, . . ., p 1is given by:
A= (a2 +12) (02 + p2) + (g° + mB)(c? + &%) +
2[{(am - bg)(dn - cp) - (ag + bdm)(dp + cn)] (¥5)

The constants are then given by:

c* = Al[a(n? + p%) + m(dn - cp)

¥ = A™{b(u? + p?) - w(d@ + cn) - g(an - cp)]

@ = A c(g® + n®) - plam - bg) - n(ag + bm)] (¥6)

g(dp + cn)]

B = A{a(g? + w?) - plag + bm) + n(am - hg)]

The mean temperature smplitude and phase are given by the following,
vhich were in part obtained from equations (C20) by putting If = 1.,

f1 = belp, and so forth:

— 1/2 18
Ny = (?fg + 'ﬁg) cos (we - tan~1 ;r(;) (®7)

e ————— ————
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where

ﬁb = i;figi—ﬁéf [c*(be1g(1y) - Ppeiyd(ty)): + G¥(keig(ly,) - Bkeif(ig)) -
D*(bery(1p) - Bberf(la)) - EXkerg(1,) - Bkerd(ily))]

- 2
s T B - 88)

G*(perg () - sberé(za)) + G*(keré(lb) - pkerd(1,))]

[D*Cbeié(lb) - Bpei}(ig)) + E¥(ke1}(1y) - Bkeil(lg)) +

(F8)
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APPENDIX G

INTERPOLATION AMONG CAILCULATED RESPONSE VAILUES

The following discussion relates to the comstruction of the response
curves of the real wires A and C discussed in the main text. It
should first be observed that successive amplitude curves (fig. 8) cor-
responding to succegsive Biot numbers differing from one another by mul-
tiples of a single factor are uniformly spaced along the amplitude axis
(ordinate) except at very large (~ 1) amplitudes. This uniformity, of
course, exists only on a log-log plot. It follows that the correct or-
dinate of a point corresponding to a Biot number falling between two for
which calculations were made is found by first establishing the ratio
of the intermediste Biot number to the smaller of the two. The ratio
is then considered to be some fraction of the common ratio existing
between successive Biot numbers of the calculations, which is

lOl/4 = 1.7782794+. The fraction thus found is used to establish the
ordinate of the point to be plotted in the manner to be now indicated;
the method is actually a linear-logarithmic interpolation and is clari-
fied by the following example (which concerns the oxide surface points
for wire A):

The Blot number for wire A 1is 0.00064. Oxide surface calculations
were availsble for all the combinations of Biot number, Otint, 2 and Jaél
for which laminated-cylinder results were obtained, as well as for many ad-
ditional points. Ab sn aTypy » value of 0.1, the Jazl = 2107.1+ ampli-
tude (for the Biot number 0.00045045) is 0.0031747. At the same WTing,2

value of 0.1, the J L 1184.9+ amplitude (for the Biot number
o]

0.00080103) is 0.0056364. The ratio 0.00064/0.00045045 = 1.421 (slide
rule). Using the relation, fractional (physical) distante (denoted by

z) from 0.00045045 to 0.000640 = 4 l°5U3G§%%§§§%Z§2 = 4 logyq (1.421),
z 1s found to be asbout 0.61lg. This meeafis that on these log-log plots,

points corresponding to a Biot number of 0.0064 will fall 0.61 times the
actual vertical distance between 0.00045045 and 0.00080103 Biot number
values sbove the 0.00045045 points (all at a glven DTyt 2 value). In

particular, the amplitude for the example cited should be about 0.0450;
that figure is most easily obtained by using a Gerber variable scale
(essentially, a good spring with a number of marked turns) to interpolate
linearly on a log scale after marking points at 0.00564 (= 0.0056364) and
0.00317+ (= 0.0031747).

As a check on the relation given for the calculation of 2z, 1t should

be noted that z 1s unity when log;, (Biot nuniber

———_.} = 0.25, that is,
0.00045045
when the Biot number is 0.00080103.
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Since complete B = 0.90 and 0.75 curves are available for the Biot
numbers 0.00045045 and 0.00080103, the Gerber variable scale may be used
more directly where the laminated—cylinder results are concerned by estab-
lishing a series of points lying 0.8l (in this example) of the vertical
distance between the curves in question above the lower (0.00045045)
curve. In this manner, a large number of points may be easily and accu-
rately established either on the original sheet (fig. 8) or a new one
(e.g., fig. 11). This procedure was followed for all of the surface
points and P = 0.90 and 0.75 points of wires A and C. The accuracy
of the procedure of course decreases where it is obvious by inspection
that the increments (in terms of actual vertical distance on the log-log
plot) of amplitude are no longer equal for successive pairs of Biot num-
bers differing by a common factor; this situation will generally exist
at high amplitudes only and does not represent a serious limitation
evidently.
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TABLE I. - VALUES OF bel, ber, beif, ber',

NACA TN 3514

ARD RETATED FUNCTIONS

T,y ar | (ar)2 ber(a) bet(ar) ber* (ar) bel ! (ar)
Carreat | Grdber Correct | Gréber jCorrect | Grlber Corract arbber
o [¢] ¢} 1 1 0 ] 5} 5} 0 [5}
00444 .2 .04 .99998 1.000 .01000 .010| -.00049| -.000S 10000 .100
.02775 .5 .25 .99902 .999 .08249| ®.o06s| -.c0781| -.c078 .24992 .250
2111 1 1 .968438 984 .24957 .250| -.06244| ®-.0625 49740 497
Add 2 4 75173 .752 .97229 .972| -.49507| -.493 .91702 917
.999 3 9 -.22138 -.221 1.93759 1.958|-1.56984] -1.570 88048 .880
1.778 4 18 -2.896542| -2.563 2.29269 2.295(-3.13465| -35.13 -.49114] B..496
2.775 s 25 -6.25008| -6.230 .11603 .116|-5.845354 [2-5.85 -4.35414| ®-4.369
5.996 8 36 -6.85832| -8.88 -7.33476| -7.33 | -.29308] 8.,27 -10.84625|2-10.86
5.439 7 49 -5.63293| 28-3.59 |-21.23940[-21.25 [12.76452[%13.0 -16.04150(2-15.1
7.104 8 64 20.97396| 221.4 -35.01673 [2-34.89 |58.31133 [838.5 -7.66051| 2-8.05
8.991 9 81 75.93573| 275.4 -24.71278 {8-25.0 [65.60077 [267.5 36.29938| 225.8
1.1 10 100 138.84047(%146 56.57046 | 855.4 |S1.19526 [P52.5 135.30930 |2122
g (cﬁiifet) b?§§P;°2:}2 (bar2+b°12y% D(ber? + be12)~0-5| bary bel;  |bery +belyfbei, - ber
(Correct) Carrect grober | (Corract) |(Correct) | (Correct) | (Correct)
1.000 ¢} 1.000 1.0000 1.0000 1.000 0 0 o] ¢}
.99996 .00010 1.00008 1.0000300 | .99997000 |1.000 -.07108 .07036 [ -.00070 L14142
99804 005305 1.001845 | 1.0009718 | .99902914 | .999 -.18224 .17120 | -.01104 36344
.98900 062285 1.051285 1.0155220 | .98471525 |8.987 -.0%9587 .30756 | -.08831 .70343
.56510 94554754 1.5104478| 1.2230027 | .81366786 |2.775 -.99708 .29978 | -.69730 1.29686
.04901 3.7542550 3.803265 | 1.9501961 | .51276895 | .S513 -1.75264 -.48748 | 2.22009 1.24519
6.57112] S.2564274 11.827547 3.43591200 | .28077206 | .291 -1.86925 | -2.56382 |-4.43307 -.69457
38.81390 01346294 38.827363 6.2511606 | .16048375 [™.161 .35978 | -5.79791 |-5.4%813 -6.15769
78.46983| 53.798558 132.26839 11.500799 .08695048 | .087 7.46220 | ~7.67668 | -.41448 | -15.33888
13.198181 451.11211 464.31029 21.547860 04640832 |2.047 20.36893 | -2.31717 |18.05176 | -22.68610
439.90700 [1226.1714 1,666.0784 40.817625 .02449922 [®.025 | 32.50886 | 21.87354 |54.18040 | ~10.83332
6,466.4922 | 610.72150 §,077.2157 77.956486 .01282767 | .015 20.71921 | 72.05429 |92.77350 51.53508
19.276.676  [5177.8288  [22,454.305 149.84761 .00667545 |%.008 |-59.47761 |131.87864 |72.40105 | 191.38625

aIntmx-::‘ec:l: values.
b(ber2 + be12)-0.5 a Xy, 1n Grdber's notatien.
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TABLE II. - CONVERSION FACTORS AND CONSTANTS

(a) Conversion factors

Ja*2 « a(hlaty)| o B(naty) B(nlato) | 8/at Fo~l
Ja® = — __ < J&z = Fo¥= (_
21 2n R2
0 0 0 0 -
.001 .00015915494 012615663 .2 31.41593
.002 .00031830986 +017841240 8] 12.56637
.005 00079577466 .028209478
01 .0015915494 .039894229 1 6.283185
.002 .0031830986 .056418955 2 3.141593
.005 .0079577466 .089206203 5 1.256637
.1 .015915494 .12615663 10 .6283185
.2 .031830986 .17841240 20 . 3141593
.5 079577466 .28209478 S0 .1256637
1 .15915494 .39894229 100 .06283185
2 .51.830986 .56418955 200 .03141593
S . 79577466 .89206203
d 0
10 1.5915494 1.2615663
20 3.1830986 1.7841240
50 7.9577466 2.8209478
100 15.915494 35.9894229
200 31.830986 5.6418955
S00 79.577466 8.9206203
1000 159.15494 12.615663
”» - -»
-0.5
& fatg 1 2fa OFint = o~ = 27 ayry, = Fo
Fo¥= ()| Po =5 (-5 Fo Fo 0.5
B = 3.00150(a%ypy)
o 0 Ll -
1 .015915494 6.97434 7.92665
.2 .031830986 3.48717 5.60499
5 079577466 1.394867 35.54491
1 .15915494 697434 2.50863
2 .31.830986 348717 1.772454
S . 79577466 .1394867 1.120998
10 1.5915494 .0697434 . 792665
20 3.1830986 0348717 .560499
50 7.9577466 .01394867 « 354491
100 15.915494 00697434 .250663
200 31.830986 .00348717 1772454

fgrdber 's notation,
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TABLE IT. - Concluded. CONVERSION FACTORS AND CONSTANTS
(b) Constants
?ﬂ = 6.2831853 A = 0.111(Definition)
/2 = 1.5707963 -1
n/4 = 0.78539816 O.lli/z = 9+0090090
T = 1.7724539 O0.111: = 0.33516662
21t = 2.5066283 0.111-1/2 = 3.0015011
71 = 0.31830989 0.1111/2/2 = 0.16658331
(2%)~1 = 0.15915494 (2x0.111) "1 = 4.5045045
1/2 = 1.2555141 (4x0.111)"1 = 2.2522523
o7, = O-SETBL | (4x0.112)1/2 = 0.66635525
1-e™* = 0.63212056 |  (4x0.111)-1/2 = 1.5007506
27X0.111 = 0.69743357
z/g = é°$é$§égga (z:mo.u_l)l/2 = 0.83512488
/2 - '84 socs (2nx0.111)"1 = 1.4338283
= O- O 2 —l
S _ 2 2380880 2n(4XO.llli/2 = 14.151318
10 = 3.1622777 | (2x/4x0.111) = 3,7618238
101/4 = 1.7782794
103/ - 5.6230155 4/1/5 = 0.44721360
4/20 = 4.4721360 ‘/7—
B0 = 8.9442719 4/1/20 = 0.22360680"
§/1/40 = 0.15811388

=
®
o]
i}

0.11180340
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TABLE IIT. - GROBER'S TABLE OF SURFACE

AMPLITUDES AND PHASE SHIFTS FOR

INFINITELY THICK SLABS

h2at T 80 hzato Mo 80
el | ]| [on] | Bo2l| [ | o]

0 0 45900 1 | 0.304 | 32040!
.001 .012 [ 44030 2 .388 | 290051
.002 .017 | 44920 5 .510 | 23°s50¢
.005 .028 | 43055! 10 .603 | 19950
.01 .039 | 43°30" 20 .689 | 15950
.02 .054 | 42950 50 .784 | 11950
.05 .084 | 41°40" 100 .843 | g0%35¢
1 .116 | 40°20° 200 .883 | 6°20°¢
.2 .159 | 38940° 500 .925 | 4%20°"
.5 .232 | 35935! 1000 .945 | 3900

89
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TABLE IV. - REDUCTION FACTOR 1 [m,], DEPENDENT UPON

at
nZatg[7a*e] D =2 [Fo*]
R

n?at atg
[ra¥2] Eg‘[mﬁ]

0 (0.2 0.5 1 2 5 10 { 20 | 50 100 |200

0.000|0 0 0 0 0 0 0 0 0 0 0
.00} .01} .01} .Of .OLf .0l .02 .03| .04| .06| .09} .13
.002{ .02] .0z2] .02] .0z| .02 .03] .04) .06] .10} .13} .19
.005| .03} .03 .03| .03} .04| .05| .07| .1lO| .16 .23| .31
.01 | .04 .04| .04| .04 .O5( .08| .10| .14| .22} .30| .43

.02 .05 .05} .05| .05 .06| .10} .14| .20| .30} .41] .55
.05 .08} .08) .08} .08} .09} .16] .22] .30| .45] .58] .70
.1 JAdz| .12] .12| 12| 14| .21} .30| .40| .57] .70| .81
.2 .16 .16| .16 .17| .18} .28 .40 .53} .89} .80) .89
D .23| .23| .25 .26} .30] .41| .56f .689| .83 .91| .94

1] .30} .31 .32{ .33 .39} .53} .68| .80} .90| .94| .98
2] .39| .40| .41| .43| .50| .64| .78 .88 .94| .97 .99
S| .51} .5z .54} .57 .65 .79 .89 .96| .98|1.00(1.00
O .60l .61| .64 .67 .73| .86 .94 .98| .99{1.00

0| .69| .70 .72 .75| .81 .91| .95| .99(1.00

50( .78} .79 .80] .83| .88| .95} .97}(1.00
100| .84} .85| .86] .88| .93| .97{1.00
200/ .88] .89] .90| .92| .95 .99|1.00
500 .93 .93 .94 .96) .97{1.00

1000{ .95 .96] .97] .99} .99/1.00

«]11.00{1.00{1.00{1.00(1.00

HHE

.
o
(@]

HEHEE HBERE
88888

e
888

h
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TABLE V. - PHASE SHIFT &0 [pp] DEPENDENT UPON h2atq [Fa*2]
a'to
AND —= [Fo* ]
R
h2at a
0 io. [FO* ]

ETE*Z] RA
’ olo.2 |o.5 1 2 5 | 10 | 20 | s0o | 100 | 200 | =
0 4501 45° |50,59|58,5°(68° |80,5° 86.5°|88° |88.5°/89° (89° | --
.001 | 45°|45° |50° |57.5°|66.5° 78.5°]83° |[85° |84° |83° [81° |Q°
.002 | 449|459 |50° |57° |86° |[78° |[82,5°!84° (820 [81° [78° |0°
.005 | 44°/44,5°/49° |[57° |65.5° 77° [81.5°(82° | 77.5°|74° [70° |Q°
.01 440(44° 148,59|56.5°165° | 75° |[79° |79° | 73.5°|89° |[65° |0°
.02 430/ 43,59(48° |[55,59|63.59|73° | 77.5°}76° |68.5°{63.5°[57° |0°
.05 420(43° |47° [53.,5°162° |[71° |73° ([70° |[80° |52.5°|45° |[o°
1 40°142° [45° ([52° |60° |67.5°/68° |63.5953° [44° |35,50 0°
.2 39°]40.59]42.59{49° |57° |83° 620 |55° |43° |34° [|26° |o°
.5 36°|37.5°(39° |45.5°9|52.5°|55° |52.5°[43,59 32° [2395°]16° |Q°
1 | 339|34,5936,5°(41° [(47,0°|47.5°/42,5°(35° |24° |17.5°|11.5° 0°
2 | 299(31° 320 |36° [429 |[40° |33° [26° |17° |12° | 8° |o°
5 | 24°]|25.5°[26.5°|29.5°}32.5°)28.5°| 23° [17° [11.5°] 7.5°| 4.59| Q°
10 | 20°|21° |22°0 [23.5°|25° |22° |16.5°412.5°9 7.5°| 5° 20 J10o°
20 | 16°16.5°|17° |18° |20° {16.5°12° |8 © 40 30 20 |[o°
50 | 12°|12° ([12° [12.5°}13° [10.5° 7.5°| &° 30 20 1° |[o°
100 g9°| g° 90 g0 g° 7° 59 39 20 1° 1° {0°
200 6°| 6° 6° 6° 6° 59 4° 20 1° 1© o° |o°
500 40 40 4:0 40 40 40 30 20 lO 10 00 00
1000 z0| 30 30 30 30 30 30 20 1° 1° o° |o°
- 00 00 00 00 00 OO 00 00 00 00 00 00
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TABLE VI. - MEAN RESPONSE OF HOMOGENEOUS CYLINDER

NACA TN 3514

FOR THE CASE OF SURFACE TEMPERATURE DRIVE

OTyint, ma/mp | ten(e-ep) | 9-0p,
radian
0.001 0.999999 | 0.00112613 | 0.00112610
.00316228 | .999989 | .00356124 | .00356120
.01 .999897 | .0112606 | .0112601
.0316228 | .998944 | .0355885 | .0355735
1 .989627 | .111904 | .111441
.316228 | .910910 | .335156 | .323390
1.0 .614989 | .721615 | .625086
5.16228 .350850 | .859119 | .709764
10. .203056 | .922660 | .745194
31.6228 116041 | .957212 | .763540
100. .0658531 | .976170 | .775340
516.228 .0372233 | .986665 | .778686
.0209930 | .992523 . | .781645

1000.

2922
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NACA TN 3514

TABIE VII. - LAMINATED-CYLINDER CALCULATION
CASE NUMBERS
Ty | OTynt 2 Case numbers Case numbers

" |for B = 0.90 |for B = 0.75

and kp/k; of|and ko/ky of
5 10| 20]40| 80| 5 }10| 20| 40|80

Group letter Group letter
AIB|ICIDIB|FIG(BEI|I |J

0.94916; 0.1 2| 4| 8]13|19] 1| 3| 6{10]16
1.6879 0.14/10| 7}11|17|23|29] 5| 9|14]|20(26
3.0015 1. 15(21]27(33| 39| 12| 18|24 30|36
5.3375 1. A/lO 25| 31] 37|42| 46]| 22| 28| 34| 40]44
9.4916 | 10. 35(41(45(48| 50| 32| 38[43|47[49
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TABLE VIII.

-~ LIMITS OF VARIABLES FOR 50 SHELL CASES

Case La: Lb: t;: t%! Case 1'a.-‘ Lb’ 1;’ t;’

number| ~_m e T v 0 AT numben 5. n Y~ Tn o ~T Y ~7
“1*ta “1-b “ea w2 b 1+ a “1l+D “2a el ¢}
Kl 1.5918 | 2.1224|0.71187|0.94916| J26 |11.3228(15.0970|1.2659|1.6879
A2 1.9101 | 2.1224 | .85424| .94916] C27 |12.0808|13.4231|2.70143.0015
a3 2.25111{ 3.0015| .71187| .94916| G28 |12.6590(16.8787 [4.0031 |5.3375
B4 2.7014|.3.0015| .85424| .943916| E29 [13.5873(15.0970(1.5191|1.6879
PS5 2.8307 | 3.7743|1.2659 ;1.6879 I30 [14.2373(18.9832|2.2511|3.0015
H6 3.1836 | 4.2448| .71187| .94916| B3l ]15.1908|16.8787 |4.8038|5.3375
AT 3.3968 | 3.7743|1.5191 |1.6879 F32 [15.9179(21.2239 (7.1187|9.4916
c8 3.8203 | 4.2448 | .85424| .94916| D33 |[17.0848(18.9832|2.7014|3.0015
@9 4.0032| 5.3376(1.2659 [1.6879 HZ4 117.9025(23.8700 |4.0031 [5.33%5
110 4.5023 | 6.0030| .71187| .94916| A35 |19.1015|21.2239|8.5424|9.4016
Bil 4.8038 | 5.3376(1.5191 [1.6879 J56 |20.1347126.8462|2.2511 {3.0015
P12 5.0337 | 6.7116 |2.2511 |3.0015 C37 |21.4830123.8700(4.8038(5.3375
D13 5.4027 1 6.0030| .85424| .94916| @38 }22.5113|30.0151{7.1187(9.,4916
H1l4 5.6614 |7.5485 |1.2659 |1.6879 E39 |24.1616 |26.8462(2.7014|3.0015
AlS 6.0404 | 6.7116 |2.7014 |3.0015 T40 |25.3180(33.7573 [4.0031|5.3375
J1le 6.3672| 8.4895] .7187 .94916| B4l |27.0136|30.0151|8.5424(9.4816
Cl17 6.7937| 7.548511.5191 {1.6879 D42 |[30.3816|33.7573 |4.8038(5.3375
Gls 7.1187 | 9.4916 [2.2511 [3.0015 E43 |[31.8358142.4477|7.1187|9.4916
E19 7.6406 | 8.4895| .85424| .94916| J44 |[35.8050(47.7401 [4.0031|5.3375
I20 8.0064 110.675211.2659 [1.6879 C45 138.2030142.447718.542419.4916
B2l 8.5424 | 9.4916|2.7014 |3.0015 E46 [|42.9660(47.7401(4.8038|5.3375
F22 8.9513 (11.9350 |4.0031 |5.3375 I47 [45.023 |60.0301{7.1187(9.4916
D23 9.6077|10.6752]1.5191 [{1.6879 D48 |54.027 {60.0301(8.54249.4916
H24 10.0673 [135.4231{2.25611 |3.0018 J49 163.672 [84.89557.118719.4918
A25 10.7415(11.9350 (4.8038 [5.3375 E50 (76.406 |84.8955(8.5424(9.4916

2922
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TABLE TX . - VALUES OF oT,.. o AND Bi, P 03 YALTER b MD T, o
©Tint o 0.1 0.1x100.5 = 0,3182p8 1 1:0°%.5 = 3.16228 10
»
(n—;i - 0.8 0.318228 0.B82342 1 1.77828 5.18228
n
a.ar.; 0.54918 1.8879 53,0018 5.3578 9.4918
Po 1.11 0.351015 o.111 0.0351013 0.0111
For 6.57434 2,20648 BB 0.220848 0.0697434
-1
Jag Jap oTert, Bip T axt, 2 Bip OTaxt,2 Bia ST ext,2 Bla L"‘ext,z B-’*s:
(a) (&) (a) (a) (») (e} (a} (a) (
0.000180075 6665 .34 2160.98 1000x10%:%  |1.40m0"t | besos bo,268x10~> 10,000 0.480x10-3 07,700 0.801x10"3 |31, 620 1.4310°%
.000268688 [3747.00 1778.28 1000x10%+ 25 | ommx0~3 | buisa b 4s0107% | 5,623 .801x10™3 ho,000 1.42q0%5 (17,780 2.5%a0"2
L00047468 [2107.13 1000.00 W0 .wouo’f’ :°1773 _".aolxu.o:5 5,162 1.42x0072 | 5,825 2.55x10"° 10,000 4.50x1073
.00084394 |1164.92 562.54 100a0%+? .801:10™ | Prooo B .420107° | 1,778 2.65x107° | 3,182 4.50x10™° | 8,823 00801
.00180078 | 666.5%4 516.228 100x20°°8  [1.42x10"% | Psez Pa s3x1073 | 1,000 «.60x20" {1,778 00801 3,182 .0l42
0.0028888 | 574.700 177.628 100x100-85  |2,5xx10-3 | Psig by, 5ox10-3 582 0.00801 1,000 0.0142 1,778 0.0283
L004488 | 210.715 100,000 100 4.600°5 | P17 b ooso1 516 0142 552 0255 1,000 L0450
LCOBLES4 | 118,492 ©58.234 010x100-78 |c o0so1  P.c100 B:0,0148 o178 00253 0318 9,0450 °pan ©,0801
L0180078 | 688,334 31.6229 10x00-50 .0L4R bsg .2 b o263 100 0450 178 0801 s18 242
026604 37.4700 | d17.7628 | d20x00-28 |4 o253 bx1.8 b,o480 58,2 ,0801 100 148 178 .25%
0.047483 21.0713 10.0000 10 0,0480 b,dy7,8 |b,do.0801 1.6 | 0.142 55.2 [ 0.253 100 0.450
0843584 11.8482 5.0234 1x100-75 L0801 b30.0 b.142 a7, 4 2m3 5.6 450 68.2 . 801,
L 180078 6.66334 3.18228 1x00-80 142 b5. 62 b 263 10.0 .480 47,8 | ¢.801 3.6 | 1.2
.26368 3.74700 1.77026 1x00.26 263 LERT: b, 480 B.82 | .60l 10.0 | 1.48 di7.a [dp 53
47458 2,10713 1,00000 1 480 t1.78 b g1 3.16 | 1.42 6.82 | 2.53 10.0 | 4.60
0.84394 1.1ai92 0.68234 0,1x10°: 75 [0, 802 ®1.00 | P14z 1.78 | 2.53 3.8 | 4.50 95,82 (%3,01
1.80078 63854 515206 .1x100-50 17 42 b sae| Pa2.53 1.00 | 4.80 °1.78 |*3,01 5.16 [14.8
2.6668 ST4T00 177328 .1x109-88 |5 53 b.3s18| Pi.s0 - * 852 (%8.01 1.00 {14.2 1.78 |26.5
4,7458 210713 . 100000 .1 4 .50 b,8 174 |brog,01 +318 [14.2 662 (26,5 1.00 [45.0

fapproximate valuss.

PInoreasing heat-transfer socafficlent.
SInoreasing surface radius Ty,
dIn.oreu.bing thermal ocnduotivity lavel of antiras cylinder,

Read from top to bottom.
Read from left to right.

*Incrmasing o, p, Cp: #p, ©op, OF ®pop. Read along dlagonal from left to right.

Read along diagonal from left to right,

PISE ML VOVM
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TABLX X, « BAMPLE IBN BLOUK IMDICATING DENOTATION OF TABLY MNTRIES

WToxs, Hoaogeneous oylinder Laminated oylinder ]
» ky'ky
5 10 20 40 80
Exaat
L1 1.000 | 7o -1 19,7485 | 1,00 | Mp,1.M -1 $.6890 | -1 9.4418 ~1 9.7848 | -1 9.7946 | -1 92,8485
tah®, =1 2.1149 tahdy; -3 7.1037 | -B 4.8138 -8 3.3689 | - 3.3180 | -2 1.6442
Ba «3084 %p,1 0709 04812 0336 0232 0184
90 Ma,n =1 ?.6887 ~1 9.6087 -3 8.6881 -1 9.76880 -1 $.6873
taﬁﬁig -3 lﬂ.g%'ﬂiﬂ -2 7.3636 -8 E, 7013 -3 4.6700 -8 3.9B806
Firat andap T . 078 . 0857 .047 <040
Na -1 .9.9804 .76 ﬂg, -1 9.6489 -1 92.5981 -1 9,6481 ~1 9.73p4 -1 P.7947
g, db - 4.3214 tan%g ~1 1.3383 -1 1.1586 -2 9.6065% -3 B.5318 -2 T.8046
P -3 $.94869 L F) +133 . 115 L 097 .08E +078
3ymbolst
wrmt.p product of angular anoy and internal time oonstant in homogeneous oylinder having propertises of material 2 (the ahell material in the case of
the leminated oylinder
WText, 2 product of angular rrnquenomnd extornal (oouventional) time oonstant in h aoup oylinder having volumeiris spesifle heat equal to that of
sither material; the volumetrio speoifia heats cf mats 1l and 2 are assu equal in this work
p ratioc of aore to over-all radius
ka/k patio of thermal aonductivity of material 2 to that of materlal 1
772," relative maan smplitude in homogensous materdial 2 eylinder or in material 2 shell of laminated oylinder
tan g tangent of phese shift (lag) angle in oylinder or shell in which amplitude ia LAY
@, phese shift (leg) sogle in oylinder of =hell in which mplibnds is Tp §, radians
Na relative arplitude in homegeneous cylindar having volumstric spsoifio heat of eithor waterlal and infinitaly greaat thermal conductivity; the vol-
umetric spedific heata of raterials 1 and 2 are assumsd equal in this work :
4, db attenuation, decibels, in oylinder in which awplitude im 7g (note tangent of phese lag angle in this case squals curm,R)
o phase shift (lag) angla in oylinder in which amplitude is fg, radians
Tho,1,M relative amplitude at surfase of material 1 oylinder )
tan ¥b,1 tangent of phase shift {1ag) angle at surface of material 1 oylipnder
P,1 " pbeoe ohifts (lag) angls ab surface of matarial 1 cylinder, radlens

2922

I

+

¢ ML YOVM

PSS



97

NACA TN 3514

TABLE X. - RESPONSES OF CYLINDERS

y which each entry

-1 9.7420 is actually equal to 0.97420.]

Example

(=) WTypg,p = 0.1

[The number to the left of each entry denotes the power of ten b
as printed is to be multiplied.
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RESPONSES OF CYLINDERS

- Continued.

TABLE X.

¥y which each entry

-1 9.7420 is actually equal to 0.97420.]

Example

[The number to the left of each entry denotes the power of ten D
as printed 1s to be multiplied.
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try

~1 9.7420 is actually equal to 0.97420.]

WTynt,p = 0-316228

RESPONSE3S OF CYLINDERS

TABLE X. - Continued.
Example:

[The number to the left of each entry denotes the power of ten by which each en
as printed 18 to be multiplied.
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(v) Continued.
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RESPONSES OF CYLINDERS3

- Continued.

TABLE X.

22638

97420.]

Example: -1 9.7420 is actually equal to O.

(b) Concluded. Wlypg, o = 0.316228

{The number to the left of each entry denotes the power of ten by which each entry
as printed is to be multiplied.
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RESPONSES OF CYLINDERS

- Continued.

TABLE X.

-1 9.7420 18 actually equal to 0.97420.]

(C) wTint,E = 1.0

Example

(The number to the left of each entry denotes the power of ten by which each entry

as printed is to be multiplled.
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RESPONSES OF CYLINDERS

- Continued.

TABLE X.

{The number to the left of each entry denotes the power of ten by which each entry

as printed is to be multiplied.
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7420 is actually equal to 0.97420.)]

-1 9.

RESPONSES OF CYLINDERS

Example

- Continued.

TABLE X.

[The number to the left of each entry denotes the power of ten by which each entry

as printed 18 to be multiplled.
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RESPONSES OF CYLINDERS

- Contlnued.

TABLE X.

-1 9.7420 18 actually equal to 0.97420.]

Example

(Q) WGy, = 3.16228

[The number to the left of each entry denotes the power of ten by which each entry
as printed i1s to be multiplied.
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RESPONSES OF CYLINDERS

- Continued.

TABLE X.

pover of ten by which each entry

-1 9.7420 18 actually equal to 0.97420.]

-
M

Example

(a) Continued. WTyng, o = 3.16228

[The number to the left of each entry denotes the
as printed 1s to be multiplied.

2922

onm Ve o moy on O nok M Yo 00y BV N Ny od AN 0N YO v
ODN HEN AN nan orn wne ate brn oon BOor Ma® OO o VOa® OO aar ©ONO OWLYQ
0N DO WNO ~r0 OYOo wHovw 00V ¥YYU vYor nOY ~00 O mHo ®Ood Moo Ny Odd ©ONO
CRL T N EREL 10 VY Yon oY @M oM @O onYw WbMm Haw QN NEY avw - wOov awnwn
Glrer o0 s cee ses s see sse s “ee st se cer see ses R EERTEEEEE
on Qad roe v Wl v no  owr N @ wad add Ho aod wdd ~a  vited OHrH
"y - L el o e @ L1 " @ o Hel @ o ad @ net
[} ] 1 1 1 t [N} 1 ' [} [ 1 [R] ' | 1 1 1
ono N 00 nme YW 0w e om wno otV o~ @ L - T omo an Qv
omY MOow VY® HOM YO OMNO MO VAN Nod NN YO0 Hno oY DAY AR *vo vt oww
HOO WMAN MY tOR (00 Qo Vad now oow HH® Y VYO ~on ottt QO ADY ODO OWV®
mme and Ho”n M MR VY ¥rio VOn OevY NHY NON ey ant Yon ov Hete AN oY
Cee sae aes ver san su vee e see ves see saee cer ser sew Cee e aae
Qo aan v o dWihd v ar  tnd Nor HO  werd Qo o®  QH Hed woe HOH ord
e b Het @ o Q@ Q Hed @ ad o« ad ad @ nel
it t t [l } \ [ ) } LR} 1 [} (R ) 1 L] ) '
ey NV Vo QO VO wM RO HO v now %o Qo Qo ue YN ona oF 00
0HO YOO WmH@ now WV YN N ot aon neo oo Ve oY ki) MO aQMm Vr QA0
DH® AR WA VNG Nt-R HNO 0-0 WO Meew HOR MHO avw a0l aE® oW @t~ avon aow
Mmae Orw wotm aAVY QNG noRn OO HRA ey it oM How N 0N aewY et @EN Y
Rleoe coe von cee eae snu vee see s see e aaw cee see aen tee see e
*n QA HYe LT He- M MmO "o wnd At e  ®Md How no  HYd vod
~
He - e o @ " o el @ a0 @ e @ n
m [l 1 [ v 1 ] [} t ' |} [} ) (R ) [} [ 1 ]
m Hno a0 oo LU AL ~onm 00 o "MY e Nno QoY ww  ow neHa NB N
HRO @O~ ovo @ANM OOY OwD Ot WEH 0ro 0o® TYO VoW VRN YOY HOW e oan werd
He WO OHO vaY @Ot ban 00 WY@ Voo HOY HOY ©&O oot ownve ood ~Oo® oW VHA
M 000 orn AYO wHMA mon Mot VR 0N "t FOR oW otet- HH®@ WMV vor HEM vov
7 I ces see sen v s eee cer eee e Gee s s Cee sav s
Mo drid dne @ e v Ho  oed nod ©®o nor aud o and o @d  HWnd Vo
e - He oW L) e« o~ ad « @ ad Q L3 @ o "
[} ' 1 LN | 1 (] | 1 1 ) ] 1 ) 1 [ 1 1
o0 @O Mmw How ©O  OQ - O @O oV Me 0N +~OM WY o ave or @O
[owwn 0Oon Otv AN OO OWM ¥R OM® VY aen Vo wod WMR VEY Qv @R YOM a0
M- OwyY VW ono Owr wrd doY Now A arte an® nav ~HO @no HNO VOO O
~00 O Ora 0RO 0O0H oM orite ONH wRR ort- ner owon mot- oud Ham ao® oM@ womn
D Fee e a6 o eee ees e “ e ese wes I Che ees s e s eae
e A WA MO Mad onn "o VM MY we  ned ave LG TR L] . Hetd oo
e o b He 0w @ dd @ «@ @r Q@ @ o ot @ @ « "
[N} 1 1 [N} 1 [ [l [ ] [N [} ) t ] 1 [ 1 1
-] [ ) o o 0 o -] ) o o n o o 0 o -] [
a o o o~ © LS =~ o o ~ °o o o~ o [ - o o -
. . . . . . . . . . . . . . . . . .
t] o w « w ]
ona nvo womn L] wow oro v wom ano now =no nov
r141 e [=1--3 -] [=1-1-3 ot-n oon OO ofoo O now N o
s [omw o ovo won Qom ~ow e aow 0N ©ov N9 wowv
A oow won ann oW ~om NN @0 aow MmN onn "y row
mu e e "o PR e e
MM o (Do e L] nne e Hne avr et now e nriv now
o L3 aw wrt CL. L] net ne nv ne na ne
[ [ 1 | 1 1 ] | t ] [ 1
o « o " -} @ L3
m ~ v o o ~ ©
¥ ~ 1 © o o~ L
% . . . . . .
- " ) L - n
3
w “ - 3 ot @

308 FT-HO




NACA TN 3514

108

RESPONSES OF CYLINDERS

- Continued.

TABLE X.

~1 9.7420 is actually equal to 0.97420.]

() Concluded. WTjyny o = 3.16228

Example

[The mumber to the left of each entry denotes the power of ten by which each entry
as printed 18 to be multiplied.
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-1 9.7420 is actually equal to 0.97420.]

RESPONSES OF CYLINDERS
Example:
(e) wTint,Q = 10.

- Continued.

TABLE X.

[The number to the left of each entry denotes the power of ten by which each entry
as printed is to be multiplied.
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RESPONSES OF CYLINDERS

- Continued.

TABLE X.

2262

-1 9.7420 1s actually equal to 0.97420.}

Example

[The number to the left of each entry denotes the power of ten by which each entry
as printed is to be multiplied.

(e) Contirmed. WTyng,p = 10.
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RESPONSES OF CYLINDERS

- Concluded.

TABLE X.

[The number to the left of each entry denotes the power of ten by which each entry

-1 9.7420 is actually equal to 0.97420.]

Example

as printed 1s to be multiplied.
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TABLE XT. - THERMAL RESPONSES OF CYLINDERS TO SINUSOIDAL ENVIRONMENT TEMPERATURE CHANGE

(a) Parameter

values for various combinations of oylinders and conditions st B = 0,90

Ttemi| kp | oText | @Tyng, 2 Jag G1Ta G1Th GpPy apTy,
5
I 40 10 0. 0.047458 5.4027 6.0030 | 0,854244 | 0,949816
IT 5 100 . .0047458 1.9101 2,1324 064244 94816
II1 | 40 100 .0047458 5.4027 6.00%0 .864244 ,949186
Iv 40 100 1. .0150075 17.0848 | 18.9832 | 2.701356 3.0015
v 5 11000 1. 00180075 8.0404 §.7118 | 2,70135 3.0015
vz 40 | 1000 1 .00150075 | 17.06848 | 18,9832 | 2.70135 3.0015
(b% Relative litude N (or mean relative amplitude 7]) and relative phase lag g
ar mean relative phase lag ), radians
Tharsl 1~ o . a—— [ = P TF s e s ma_ g _momoe L a wem s
-} Taxt |@Tint, 2| DOMOEENEGUS OORogEnaeous Mmetallle shell OVer OXide oore
Eg ’%| metallie metallle
1 oylinder: eylinder: Shell thiclmess 0Oxide purface .
axact solution "first-crder" 0.1y valus - equivalent
solution (p = 0.90) to limlting case
of zero shell
thickness
(rg = rp, B = unity)
T2 o P2 Ma P2 M1 | P2
I &0 10 0.1 0.098405 1.471810.099504 |1.4711(0.20517 2.95515 0.26804 0.86889
B 20324 .95468
II S 100 0.1 0,008988% (1.5808|0.0099955(1.56808(0.011381 1,2366 0.012147 |1.1067
B,011384 |B1.2370
[40 100 0.1 0.00989883 |1,5608 |0.0089995|1.5608 |0.022457 1.1202 0.031153 |0.82871
.022456 (21,1200
Iv 40 100 1.0 0.0099049 (1.6577(0.0099995(|1.5608 |0.0375680 1,.2826 0,090430 |0.73953
8.0357681 a],2827
X' 5| 1000 1.0 0.00099905(1.56695 |0.0010000(1.5898 [0.0024910 =I1.1291 0.00355264|0,841865
8 0024911 |*1.1290
YI 40 | 1000 1.0 0.00099905 (1.5695 {0.,0010000|1.5698 |0.0058086 1.3158 0.0096051(0.79782
2,0038087 (81.3160

@Numerical integration (all others analytical).
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TABLE XII. - VALUES OF [ = 5 5 AND C‘l
1 1
(R! - BR!)® + (Im) - BImy)
b . a
- a
2 2 -1
Case| B ;g Ry Ry Imp Im} RYZ + Imy 4 4
1
F1 {o.715] & -0.1001238 -0.0501360 0.1972349 0.16388861 0.0489264 | 2.14781 [ 0.455%91
A2 | 80| 8 ~.1142518 -.0861089 1916053 1776131 .0497814 | 4.80519 | .217146
a3 | .15| 19 1344045 -.0697103 1104511 0976019 .0302895 | 1.92925 | .518338
Bt | .90| 10 -.1534882 -.1175450 0930813 10981243 .0322129 | 3. 74875 | .286838
s | 18] 5 - 5086393 -. 2678285 1179808 1893674 .270604 | 1.69884 | .589678
B | .715] 20 -.1668920 -.0919382 0007614 0381408 .0277535 | 1.64082 | .609451
A7 | 30| 8 ~.5518770 -. 4340794 0255682 1122606 3085222 | 5.10384 | .322182
cs | .90| 20 -.1756330 -.1427320 -.0458629 - .0046331 0520521 | 2.88843 | [34e202
g | .75} 10 -.4893951 -. 5159473 ~.3687887 -.0438961 .576100 | 1.46771 | .881334
10 | .718] 10 -.1250783 -.0938909 -.1827518 -~.051E370 . 65| 1.43614 | .898311
B1l | .90( 10 ~. 3894454 -.3900846 -.5850827 -.5360279 4939689 | 2.46396 | -
2 | .55 s -.1692727 -.7641983 -2.709553 -.9072630 7.37022 | 1.31222 | .762067
D13 | .90 | 40 -.0411320 -.0783780 -.2613120 -.168430 .0699758 | 2.52086 | .430875
H4 | .75 20 3013220 -.1140320 -1.0083820 ~.4233180 1.1079% | 1.32885 | .752525
a5 | 90| B 1.104770 0026243 -5.116111 -2.226103 10.9431 2.11012 | .473307
ne | .15| e0 308578 0389140 -.3161320 -.1666440 .185036 | 1.30521 | .766180
c17 | .90| 20 1.0626730 4522930 -.8998850 - . 7760430 1.93307 | 2.03031 | .492536
a18 | .78 10 6.578813 1.516443 ~.T53680 -1.610672 41.2625 1.22114 | .818907
Bl9 | .90{ &0 627734 54 -.0576120 -.188192 397444 {1.92319 | .519369
I20 | .75 40 2.744700 9628220 1.229091 -.1879810 9.04404 | 1.23097 | .812367
B2l | .30 10 7.980020 5.466128 5.358710 1.015498 92.0777 1.78185 561211
722 { .15| B 8.00200 12.94182 B3.89394 6.592680 2919.08 1.10510 | .904835
p23 | .50 | <0 1.156920 1.665180 4.98093 2.24388 25.9054 1.71747 | .S82252
B4 | .75 | 20 -11.82507 2.357390 25.76922 7.131500 6.880 1.16071 | .881542
A28 | 50| B -88.27108 -7.55090 72.66964 46.83922 8,676.40 1,55421 | .6435414
Jos | .75| &0 -16.47183 -2.344330 5.781670 5.656750 204.749 1.1619¢ | .
c27 | .90 20 -59.76051 -25.71639 -.711380 12.94588 3,571.85 1.84645 | .646642
628 | .75] 10 -257.0438 -84.6018 -332.3518 £.96680 | 165,648 1.07921 | .926604
229 | .90 &0 -20. -16.33%2 -38.5985 ~11.0839 1,916.91 1.49747 | .6ETTI3
150 | .75 | 40 76.1961 -30.16030 -292.3280 -53.1688 91,261.9 1.11432 | .897408
51 | .90 | 10 764.1098 72.6954 -836.9125 4893757 126,911x10 1.39343 | .717654
P2 | 18| s 8,390.457 944.8842 8,103.892 -1,191.768 136,073x105 988974 | 1.01425
D33 | .30 | 40 966.683 417.9770 487.1490 ~32.1250 117,179x10 1.38058 | .724464
4 | 78| 20 392.3760 1,281.862 9,305.473 710.498 887, 458x102 1.05948 | .943877
o5 | 90| 8 -20,203.685 2,927.539 55,414.525 12,894.371 152, 796x104 1.03554 | .809383
36 | .18 | s0 -10, 745.55 -811.430 2,916.75 1,462.41 125, 975x10° 1.08110 | .924984
c3r | 90| 20 -44,798.10 -16,712.10 ~25,644.-79 1,875.01 266, 453x204 1.27755 | .782748
asa | .15 | 10 440,812.4 -S5,567.20 510,100.1 -59,254.57 454, 5168x108 931447 | 1.07560
E39 | .90 | 80 63,322.3 5,501.90 -60,142.1 -25,805.9 762, 678x10% 1.26446 | .790851 |
Mo | .15 | w0 879,842.3 99,9935.5 477,420.2 -60,425.2 100, 208x107 1.04305 | .988727
B4l | .90 | 10 626,160 1,191,050 5,650.294 914,538.3 392,135x108 672574 | 1.48680
M2 | .90 | 40| -1,207,683a0 ~381,291x10 -829,584x10 40, 742.5x10 234, 626x10° 1.19520 | .836680
B43 | .75 | 20| 23,345,160x10 -1,267,313x10 1,438, E95x102 -1,669,166x10 751, 576x1011 949083 | 1.05367
J44 .18 | eo| -e28,110x1202 682, 222x102 9,540,057x10% 452,573x102 914,068x1012 1.05124 969708
C45 .90 | 20| -8,577,456x10% -1,126¢, 706 X105 207,809X105 1,310, 798X10% 736, 160x1014 1.12818 .888770
B46 | .90 | 80| &,268,041x10% 955,081a04 514, 665x10% -702,917x10% 395,532x2018 1.13718 | .879391
I47 .75 | 40]-13,788,600x105 878, 425x105 ho,892, 840x10% 722, 760x10% 302, 2511019 9949084 | 1.00504




TABLY XTIT. - STARTING VALUEI (IN OXIDE) AT OUTER SURFACE OF CORE

kg ba barg(l,) peigliy) berg(l,) bali(t,)
B | 1.5818000 0.89908264 0.62640318 -0.25088010 0.78833041
5 | 1.8101000 ,70320061 .89108F12 " ABOE3440 .BBG0BBAE
10 | 2.2811000 .60322062 1.2108103 -.808710873 .97601a38
10 | 2.7014000 .1870616¢ 1.a571263 -1.1754803 .98124288
5 | 2.8307000 O24E14180 1.7821648 -1.3391427 .94993598
20 | 3.1836000 - .E3401710 2,0891683 -1.83a7342 . 76281454
5| 3.5986000 - 96108570 2,3518664 -2.1703372 .B6120320
20 | 3.8203000 -2.0260431 2,2439610 -2.06545599 -.062883906
10 | 4.0033000 2. BT348E3 £.2511081 5. 1354704 -4 9806065
w | e -4.3077222 1.6812860 -2, TESB5ES -2.0614612
10 | 4.8038000 -B.4678969 .87092219 -3.9008481 -5.3802792
8 | 5.0387000 -8.3892754 -.035782430 -3.8209918 ~4.5384152
40 | B.4027000 -7.8780416 -2.1024840 -5.1991027 ~5,737209%
20 | 5.8814000 -8.3947422 -4.0888271 -2, 2808480 -8.4663171
8 | 8.0404000 -8.6640044 -7.7788811 .0131R1627 -11.110618
80 | 6.3872000 —0.5845045 -11,780¢20 2.1131433 -15.331811
20 | 6.7937000 ~5.8728543 -17.078771 9.0458523 ~-15.820884
10 | 7.1187000 -1.§77p332 -23.149508 16.164428 -16.108716
80 | 7.8408000 9.1089205 -51.105218 27.883047 -13. 4BE350
10 | 8,0084000 21.219787 -38,088301 38.504871 -7.8182302
10 | 8.5424000 48.207780 -34.508988 B4.681277 10.164958
B | 8.9513000 70.762558 -26.39a7800 84,709088 32.583099
40 | 9.8077000 115.20998 12.474972 88.527187 89783947
20 |10.087300 142.14002 85.762811 48.759828 143 47597
5 [10.741800 149.86051 19g.62182 -57.764512 233.15608
80 [11.3pp800 8a.192778 347.453510 -187,55135 202, 85841
20 (12.080800 -188.37218 886, 44555 ~514,32770 283.91524
10 |12.859000 -BE9. 49378 448,08885 -848.01828 49.880415
80 |13,387300 -1,888.68642 54842570 -1,308.8137 -888. 71066
40 [14.227300 -2,452.6108 -80% . 76951 -1,208.4119 -2,128. 7536
10 [15.190800 -2,891,6066 -3,781. 2411 728.03428 -4,B93.7369
5 [18.817800 -1,072.7101 -7,898 6880 4,792.9209 -8,858.8402
40 |17,084800 10, 858. 251 -13,253.6829 16,719.076 -1,P68,0130
20 (17.902500 28,429,264 -0,987.4132 28,8357.038 14,029.811
5 {19.101800 57,661,627 34,798.781 14,637,696 a4, 471.a58
80 |20.134700 39,852,668 130, 200.01 -84,014.125 11a,983.17
20 | 21.485000 -208,729.41 270,808.71 -354,940.08 57,600,148
10 (£2.511%00 -678,958.72 1e8,341.07 855,871,986 -392, 143,87
80 [24.161800 | -1,19g,338.8 ~1,779,850.8 440,158, 55 -2,084,314.8
40 12%,312000 1,088,713.8 -4,518,828.3 3,999,731.8 -2,418,828.2
10 |e7.013800 | 15,012,183.0 ~2,184,861.0 11,910, 505.0 2,145, 363.0
40 |30.301800 | -95,995,861.0 1.2191870x202 -1.5251848%10% | 18,293,812.0
g0 |31.838800 -4. 2055306x108 -5.2677622x107 -2.5546385x108 -3.3385324x10°
60 |38.805000 6.4801280x109 -1.3788472x10° 6.4577720x109 5.6183811x10°
045 | 20 |s8.205000 2.95961005x10° 5.4758858x1010 -2.2834125x010 2.6215890x1010
B46 | BO |42.986000 1.3488547x101L -9. 46453251012 7.6244081x1011 -6.675383ex10l1
I47 | w0 |«s.0z5000 3.9506160x1017 9,8189759x1010 . 70660881012 £2.8910383x1012
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Figure 8. - Contimued. Relative mean amplitude of cylindrical shell over oxide core.
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Figure 9. - Relative mean phase shift (lag) of cylindrical shell over oxide core.
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Figure 9. - Continued. Relative mean phase shift (lag) of cylindrical shell
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B = 0.90; ko/k; = 20.
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(c) Group C.

Relative mean phase shift (lag) of cylindrical shell over oxide core.
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B = 0.90; kp/ky = 40.
Relative mean phase shift (lag) of cylindrical shell over oxlde core.
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(d) Group D.
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